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Introduction
• Generative Adversarial Networks (or simply GANs) are famous for their ability 

to create realistic images 
• E.g., among the images below, can you tell which was generated and which 

is real?
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Introduction
• Generative Adversarial Networks (or simply GANs) are famous for their ability 

to create realistic images 
• E.g., among the images below, can you tell which was generated and which 

is real?

GENERATED GENERATED GENERATED
https://www.thispersondoesnotexist.com/

https://www.thispersondoesnotexist.com/


A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 3

GANs in HEP?

• On previous slide: examples of human face images that our brain 
accepts as real 

• Now, replace: 
  «human face images» ➔ «vectors of numbers describing collision events» 
  «brain accepts as real» ➔ «analysis remains unbiased with» 

• and you get a good Monte-Carlo generator 
– typically much faster than an actual generator from HEP
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Simulation workflow

Event Gen DigitizationGEANT4 Reconstruction

• One may imagine any part of this chain to be replaced by GAN
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Simulation workflow

Event Gen DigitizationGEANT4 Reconstruction

• One may imagine any part of this chain to be replaced by GAN
• Here we’ll demonstrate the following approach:

Event Gen DigitizationGEANT4 ReconstructionGAN

• Disclaimer: we’re not talking about the actual total replacement of honest 
full simulation, but rather about new means for creating simplified fast-sim 
models
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Outline

• A little theory 
- ‘Vanilla’ GAN and its problems 
- Some advancements (Wasserstein GAN) 

• Using GANs for fast simulation at LHCb
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Generative Models

6

Problem statement:
Given a finite sample of i.i.d. 
examples from an unknown 
distribution

{xi} ⇠ pdata
<latexit sha1_base64="Vvn5lSgnXHcvF2lynpvl88CM3a4="></latexit>
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Generative Adversarial Networks

I. Goodfellow, et. al. Generative adversarial nets. In Advances in neural information processing systems, pages 2672–2680, 2014.

{x̃j} ⇠ pgen,✓
<latexit sha1_base64="OQ9K+64dWtbAEtt5+ThCB/QzRZQ="></latexit>

x̃j = G✓(zj)

zj ⇠ N(0, I)
<latexit sha1_base64="VJKCt2Kmd8oxTcmHk+IVS76VVi8="></latexit>

G𝜃 — generator neural network

— this distribution is built in the following way:
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G𝜃 — generator neural network

— this distribution is built in the following way:

We add a classifying network D𝜙 (discriminator) to distinguish between the real 
and generated samples and train both as follows:

V (�, ✓) = E
x⇠pdata [logD�(x)] + E

x̃⇠pgen,✓ [log (1�D�(˜x))]

V (�, ✓) ! min

✓
max

�
V (�, ✓)
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Game interpretation

Min-max game: 
• goal of discriminator: distinguish between real and generated samples 
• goal of generator: ‘fool’ the discriminator

image from: https://pathmind.com/wiki/generative-adversarial-network-gan

https://pathmind.com/wiki/generative-adversarial-network-gan
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Problems with GANs

9

(vanishing gradients)



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020

Problems with GANs

9

(vanishing gradients)
Let’s have another look at the objective:

V (�, ✓) = E
x⇠pdata [logD�(x)] + E

x̃⇠pgen,✓ [log (1�D�(x̃))]

=

Z
[pdata(x)logD�(x) + pgen,✓(x)log (1�D�(x))] dx

<latexit sha1_base64="z/gTvyfqL/TUrkXbhLkv5L5S2K4="></latexit>
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(mode collapse)
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Problems with GANs
(mode collapse)

In case data is multimodal the 
generator may only learn to 
reproduce a subset of data

Vanishing 
gradient
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Problems with GANs
(mode collapse)

image taken from: https://medium.com/@jonathan_hui/gan-why-it-is-so-hard-to-train-generative-advisory-networks-819a86b3750b

https://medium.com/@jonathan_hui/gan-why-it-is-so-hard-to-train-generative-advisory-networks-819a86b3750b
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Wasserstein distance

12

Also called «Earth mover’s distance» (EMD)
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WGAN
EMD(P,Q) = sup

||f ||L1
[E

x⇠P

f(x)� E
x⇠Q

f(x)]
<latexit sha1_base64="WpNvYCyh9zqfYJRX6jjnKol9AvQ="></latexit>
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||f ||L1
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x⇠P

f(x)� E
x⇠Q

f(x)]
<latexit sha1_base64="WpNvYCyh9zqfYJRX6jjnKol9AvQ="></latexit>

|f(a)� f(b)|  ||a� b||, 8a, b
<latexit sha1_base64="YO0AYvyTcVDt7LVPNcUFdBnPSGI="></latexit>

||f ||L  1
<latexit sha1_base64="Zhiuos5cixnVpqCKL0wTNfQep70="></latexit>
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WGAN

https://arxiv.org/abs/1701.07875

EMD(P,Q) = sup
||f ||L1

[E
x⇠P

f(x)� E
x⇠Q

f(x)]
<latexit sha1_base64="WpNvYCyh9zqfYJRX6jjnKol9AvQ="></latexit>

https://arxiv.org/abs/1701.07875
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This property can be replaced by a 
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https://arxiv.org/abs/1701.07875
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In such case we’ll estimate k×EMD(P, Q) instead of EMD(P, Q)
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weights at some value: w → clip(w, –c, c)

https://arxiv.org/abs/1701.07875
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weaker one: ||f ||L  k : |f(a)� f(b)|  k · ||a� b||, 8a, b

<latexit sha1_base64="a79OXRDxMU9KaKc0QZitddw/E9U="></latexit>

In such case we’ll estimate k×EMD(P, Q) instead of EMD(P, Q)

This can be achieved by clipping  critic’s 
weights at some value: w → clip(w, –c, c)

We wouldn’t know what k is, but 
it doesn’t matter: all we want is 
to minimize the EMD!

https://arxiv.org/abs/1701.07875
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DCGAN LSGAN WGAN (clipping) WGAN-GP (ours)
Baseline (G: DCGAN, D: DCGAN)

G: No BN and a constant number of filters, D: DCGAN

G: 4-layer 512-dim ReLU MLP, D: DCGAN

No normalization in either G or D

Gated multiplicative nonlinearities everywhere in G and D

tanh nonlinearities everywhere in G and D

101-layer ResNet G and D

Figure 2: Different GAN architectures trained with different methods. We only succeeded in train-
ing every architecture with a shared set of hyperparameters using WGAN-GP.

5.2 Training varied architectures on LSUN bedrooms

To demonstrate our model’s ability to train many architectures with its default settings, we train six
different GAN architectures on the LSUN bedrooms dataset [31]. In addition to the baseline DC-
GAN architecture from [22], we choose six architectures whose successful training we demonstrate:
(1) no BN and a constant number of filters in the generator, as in [2], (2) 4-layer 512-dim ReLU
MLP generator, as in [2], (3) no normalization in either the discriminator or generator (4) gated
multiplicative nonlinearities, as in [24], (5) tanh nonlinearities, and (6) 101-layer ResNet generator
and discriminator.

Although we do not claim it is impossible without our method, to the best of our knowledge this
is the first time very deep residual networks were successfully trained in a GAN setting. For each
architecture, we train models using four different GAN methods: WGAN-GP, WGAN with weight
clipping, DCGAN [22], and Least-Squares GAN [18]. For each objective, we used the default set
of optimizer hyperparameters recommended in that work (except LSGAN, where we searched over
learning rates).

For WGAN-GP, we replace any batch normalization in the discriminator with layer normalization
(see section 4). We train each model for 200K iterations and present samples in Figure 2. We only
succeeded in training every architecture with a shared set of hyperparameters using WGAN-GP.
For every other training method, some of these architectures were unstable or suffered from mode
collapse.

5.3 Improved performance over weight clipping

One advantage of our method over weight clipping is improved training speed and sample quality.
To demonstrate this, we train WGANs with weight clipping and our gradient penalty on CIFAR-
10 [13] and plot Inception scores [23] over the course of training in Figure 3. For WGAN-GP,

6
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This technique allowed for 
very deep networks to be 

used for GANs

https://arxiv.org/abs/1704.00028
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Conditional distributions
Sometimes it’s necessary to learn not just P(x), but P(x|a)

Most of the times

E.g., stochastic detector output y for 
given particle parameters x

This can be achieved with any GAN 
architecture:

x̃j = G✓(zj) ! x̃j = G✓(zj ,aj)
D� = D�(xi) ! D� = D�(xi,ai)
D̃� = D�(x̃j) ! D̃� = D�(x̃j ,aj)

<latexit sha1_base64="gRQi6m1MgfaJnG46Bs7wOh41m8Q="></latexit>
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Conditional distributions
(simple case — fully-connected layers)

z
<latexit sha1_base64="P6HHv1sTkGXYTRYp+CJCydfgg1s="></latexit>

x̃

<latexit sha1_base64="RfsI/JQAgfogaWq/nX+zLrAwgdY="></latexit>

x/x̃
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z
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x̃
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x/x̃
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Generator Discriminator

a
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LHCb detector

RICH1 RICH2 E-M Calorimeter

Collision 
point

VELO

TrackerTracker

Magnet

Hadron 
Calorimeter

Muon system
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LHCb detector

RICH1 RICH2

Full simulation of RICH 
detectors takes ~30% of 

total simulation time

Our model using GANs runs 
at least 100 times faster
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Ring Imaging Cherenkov Detectors (RICH)
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Shield

The European Physical Journal

EPJ C
RecognizedbyEuropeanPhysicalSociety

Particles and Fields

volume 73 !number 5 !may ! 2013

Reconstructed Cherenkov angle as a function of track momentum in the C4F10 radiator.
Whilst the RICH detectors are primarily used for hadron identification,

a distinct muon band can also be observed.
From The LHCb RICH Collaboration: Performance of the LHCb RICH detector at the LHCThe LHCb RICH Collaboration, Adinolfi, M., Aglieri Rinella, G. et al. 

Eur. Phys. J. C (2013) 73: 2431
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RecognizedbyEuropeanPhysicalSociety

Particles and Fields

volume 73 !number 5 !may ! 2013

Reconstructed Cherenkov angle as a function of track momentum in the C4F10 radiator.
Whilst the RICH detectors are primarily used for hadron identification,

a distinct muon band can also be observed.
From The LHCb RICH Collaboration: Performance of the LHCb RICH detector at the LHCThe LHCb RICH Collaboration, Adinolfi, M., Aglieri Rinella, G. et al. 

Eur. Phys. J. C (2013) 73: 2431

• PID with RICH is done 
with a global log-
likelihood method 

• PID information 
encoded in log-
likelihood differences 
(DLL) between 
particle type 
hypotheses
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Data

DLLx,	P,	ETA,
nTracks

Latent	space

Normal,	64

Generator

Dense,	128,	ReLU

.	.	.

Dense,	128,	ReLU

Dense,	128,	ReLU

x10

Dense,	5,	Linear

Critic

Dense,	128,	ReLU

.	.	.
Dense,	128,	ReLU

Dense,	128,	ReLU

x10

Dense,	256,	Linear

Cramér	GAN	Loss

Concatenate
DLLx,	P,	ETA,

nTracks

P,	ETA,
nTracks

Quantile	Transformer
(Normal)

Preprocessing

• Trained on real data! 
– 2016 calibration samples 

• sPlot technique used for signal 
extraction 
– we apply s-weights to the loss function 

• Independent models for each of the 
particle types 

• Cramér GAN used 
– advancement of WGAN 
– more information in the backup

Implementation details
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Results

p

𝜼
Detector responce to kaons and pions 

(real data vs generated with GAN)

Difference between 
real and generated 

ROC AUCs in units of 
stat uncertainty
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Figure 7: E�ciency of three di↵erent requirements on the output of a Multi-Layer Perceptron
trained to identify protons as evaluated on protons tagged through the decay ⇤0

b ! ⇤+
c µ⌫̄µ

with ⇤+
c ! pK

�
⇡

+. The e�ciency is compared, in bins of the proton momentum, for a dataset
selected without introducing bias on the particle identification of the proton (cyan shaded area),
and a Fast Simulation sample where the rich and the calorimeter responses are modeled through
a Generative Adversarial Network trained using protons from ⇤0 ! p⇡

� decays, only (purple
markers).
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LHCb-FIGURE-2019-017

• PID performed combining information from all LHCb 
subsystems, part of which was simulated using GANs 

• The simulated proton identification efficiency is 
compared with an independent sample of calibration 
data as a function of the proton momentum
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5

Performance in full-stack implementation

The agreement is 
good and allows to 
use these results in 

further analyses
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• GANs are a really fascinating area of  research in DL 
• They are of great interest to experimental HEP as they provide a 

natural tool for fast-simulation 
• Fast simulation of LHCb RICH detectors using GANs shows promising 

results
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Since we want to get from P to Q, our plan has to satisfy these conditions:
Z

�(x1, x2)dx1 = Q(x2),

Z
�(x1, x2)dx2 = P (x1)
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The cost for some particular values x1 and x2 is:
distance amount

dC = ||x1 � x2||�(x1, x2)dx1dx2
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Then, total cost can simply be written as:

C =

ZZ
�(x1, x2)||x1 � x2||dx1dx2

<latexit sha1_base64="Azu6NfZQOAoL88ui0aWUt4ytwsg="></latexit>
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Wasserstein distance
How to define it formally?

Say, we have a plan of how much earth to move from x1 to x2: �(x1, x2)
<latexit sha1_base64="jvVsyuFR0fGBie4iBu1QO7AyBU8="></latexit>

Since we want to get from P to Q, our plan has to satisfy these conditions:
Z

�(x1, x2)dx1 = Q(x2),

Z
�(x1, x2)dx2 = P (x1)

<latexit sha1_base64="Ear9I14lipIeifAweLPPLqb1CdU="></latexit>

The cost for some particular values x1 and x2 is:
distance amount

dC = ||x1 � x2||�(x1, x2)dx1dx2
<latexit sha1_base64="b2uv8/gYBVHSp+/HmGTcPO/nl/U="></latexit>

= E
x1,x2⇠�(x1,x2)||x1 � x2||

<latexit sha1_base64="OLAu8xMEbdrp7xiNo7TlhOdS2vI="></latexit>

Then, total cost can simply be written as:

C =

ZZ
�(x1, x2)||x1 � x2||dx1dx2
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How to define it formally?

Wasserstein distance

Let 𝜋 be the set of all plans that convert P into Q, i.e.: 

⇡ =

⇢
� :

Z
�(x1, x2)dx1 = Q(x2),

Z
�(x1, x2)dx2 = P (x1)

�
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Let 𝜋 be the set of all plans that convert P into Q, i.e.: 

⇡ =

⇢
� :

Z
�(x1, x2)dx1 = Q(x2),

Z
�(x1, x2)dx2 = P (x1)

�

<latexit sha1_base64="cM4W6HKGqMVjMVqHDSeQtnNEgUE="></latexit>

Then, the Wasserstein distance is defined as:

EMD(P,Q) = inf
�2⇡

E
x1,x2⇠�

||x1 � x2||
<latexit sha1_base64="+JPzUN8DyzBzSGH6kpf9y0KM7zE="></latexit>
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WGAN

EMD(P,Q) = inf
�2⇡

E
x1,x2⇠�

||x1 � x2||
<latexit sha1_base64="+JPzUN8DyzBzSGH6kpf9y0KM7zE="></latexit>

Imagine a GAN trying to minimize EMD between the real 
and generated distributions. You may be wondering:

(Wasserstein GAN)
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WGAN

EMD(P,Q) = inf
�2⇡

E
x1,x2⇠�

||x1 � x2||
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Imagine a GAN trying to minimize EMD between the real 
and generated distributions. You may be wondering:

How would that be better 
than a regular GAN?

And more importantly…
How does one calculate this 

madness?!

(Wasserstein GAN)
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Kantorovich-Rubinstein duality

31

(or how to calculate EMD)

EMD(P,Q) = inf
�2⇡

E
x1,x2⇠�

||x1 � x2||
<latexit sha1_base64="+JPzUN8DyzBzSGH6kpf9y0KM7zE="></latexit>

disclaimer: not a strict 
mathematical derivation
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EMD(P,Q) = inf
�2⇡

E
x1,x2⇠�

||x1 � x2||
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+ inf
�

sup
f

E
x1,x2⇠�

[E
s⇠P

f(s)� E
t⇠Q

f(t)� (f(x1)� f(x2))]
<latexit sha1_base64="hc+2/tRw2dkB98YCDZvryaNE6e8="></latexit>

Let’s add the following term to this expression:

f (x) — real-valued function

disclaimer: not a strict 
mathematical derivation
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Let’s add the following term to this expression:

f (x) — real-valued function These cancel out when 𝛾 ∈ 𝜋
otherwise supremum over f (x) goes to +∞

disclaimer: not a strict 
mathematical derivation
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Let’s add the following term to this expression:

f (x) — real-valued function These cancel out when 𝛾 ∈ 𝜋
otherwise supremum over f (x) goes to +∞

Therefore, we can remove the 𝛾 ∈ 𝜋 condition from the whole expression:
= inf

�

sup
f

E
x1,x2⇠�

[||x1 � x2||+ E
s⇠P

f(s)� E
t⇠Q

f(t)� (f(x1)� f(x2))]
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f (x) — real-valued function These cancel out when 𝛾 ∈ 𝜋
otherwise supremum over f (x) goes to +∞

Therefore, we can remove the 𝛾 ∈ 𝜋 condition from the whole expression:
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Infimum and supremum operations can be swapped under certain conditions 
(satisfied here — see https://vincentherrmann.github.io/blog/wasserstein/ for more detailed info)

disclaimer: not a strict 
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Kantorovich-Rubinstein duality
(or how to calculate EMD)

= sup
f

inf
�

h
E
s⇠P

f(s)� E
t⇠Q

f(t) + E
x1,x2⇠�

[||x1 � x2||� (f(x1)� f(x2))]
i

<latexit sha1_base64="76uwPZzlb/Tp88ANTcv0nsDGa9w="></latexit>
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Kantorovich-Rubinstein duality
(or how to calculate EMD)

Consider the following case: |f(a)� f(b)|  ||a� b||, 8a, b
<latexit sha1_base64="YO0AYvyTcVDt7LVPNcUFdBnPSGI="></latexit>

||f ||L  1
<latexit sha1_base64="Zhiuos5cixnVpqCKL0wTNfQep70="></latexit>

We’ll denote it as: 

= sup
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�
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E
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f(s)� E
t⇠Q

f(t) + E
x1,x2⇠�

[||x1 � x2||� (f(x1)� f(x2))]
i
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For such case this term is 0 

Otherwise the whole expression is -∞
Therefore we can finally rewrite the whole thing as:
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f(x)� E
x⇠Q

f(x)]
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How is this 
simpler?

= sup
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�

h
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WGAN

https://arxiv.org/abs/1701.07875

Algorithm 1 WGAN, our proposed algorithm. All experiments in the paper used
the default values ↵ = 0.00005, c = 0.01, m = 64, ncritic = 5.

Require: : ↵, the learning rate. c, the clipping parameter. m, the batch size.
ncritic, the number of iterations of the critic per generator iteration.

Require: : w0, initial critic parameters. ✓0, initial generator’s parameters.
1: while ✓ has not converged do

2: for t = 0, ..., ncritic do

3: Sample {x(i)}mi=1 ⇠ Pr a batch from the real data.
4: Sample {z(i)}mi=1 ⇠ p(z) a batch of prior samples.
5: gw  rw

⇥
1
m

Pm
i=1 fw(x

(i))� 1
m

Pm
i=1 fw(g✓(z

(i)))
⇤

6: w  w + ↵ · RMSProp(w, gw)
7: w  clip(w,�c, c)
8: end for

9: Sample {z(i)}mi=1 ⇠ p(z) a batch of prior samples.
10: g✓  �r✓

1
m

Pm
i=1 fw(g✓(z

(i)))
11: ✓  ✓ � ↵ · RMSProp(✓, g✓)
12: end while

The fact that the EM distance is continuous and di↵erentiable a.e. means that
we can (and should) train the critic till optimality. The argument is simple, the
more we train the critic, the more reliable gradient of the Wasserstein we get, which
is actually useful by the fact that Wasserstein is di↵erentiable almost everywhere.
For the JS, as the discriminator gets better the gradients get more reliable but the
true gradient is 0 since the JS is locally saturated and we get vanishing gradients,
as can be seen in Figure 1 of this paper and Theorem 2.4 of [1]. In Figure 2
we show a proof of concept of this, where we train a GAN discriminator and a
WGAN critic till optimality. The discriminator learns very quickly to distinguish
between fake and real, and as expected provides no reliable gradient information.
The critic, however, can’t saturate, and converges to a linear function that gives
remarkably clean gradients everywhere. The fact that we constrain the weights
limits the possible growth of the function to be at most linear in di↵erent parts of
the space, forcing the optimal critic to have this behaviour.

Perhaps more importantly, the fact that we can train the critic till optimality
makes it impossible to collapse modes when we do. This is due to the fact that mode
collapse comes from the fact that the optimal generator for a fixed discriminator
is a sum of deltas on the points the discriminator assigns the highest values, as
observed by [4] and highlighted in [11].

In the following section we display the practical benefits of our new algorithm,
and we provide an in-depth comparison of its behaviour and that of traditional
GANs.

8
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Biased Wasserstein gradients
Authors of https://arxiv.org/abs/1705.10743 showed 
for EMD that expected sample gradients may differ 
from true gradients 

This may lead to a wrong minimum:
x ⇠ B(✓) :

⇢
P(x = 0) = 1� ✓

P(x = 1) = ✓

<latexit sha1_base64="yC/NVC0xTsCwqDLWJcgf2UH7GMs="></latexit>

Bernoulli distribution
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Figure 5: Wasserstein loss (black curve) ✓ 7! |✓⇤ � ✓| versus expected sample Wasserstein loss (red
curve) ✓ 7! E[|ˆ✓ � ✓|], for different values of m and ✓⇤ and p = 1. Left: m = 1, ✓⇤ = 0.6. A
stochastic gradient using a one-sample Wasserstein gradient estimate will converge to 1 instead of
✓⇤. Middle: m = 6, ✓⇤ = 0.6. The minimum of the expected sample Wasserstein loss is the median
of ˆ✓ which is here ˜✓ =

2
3 6= ✓⇤ = 0.6. Right: m = 5, p = 0.9. The minimum of the expected

sample Wasserstein is ˜✓ = 1 and not ✓⇤ = 0.9.

thus for 1/2 = ✓⇤ < ✓ < ✓⇤ + 1/
p

8m we have the following lower bound on the bias:

g � E ĝ = 2Pr

�

ˆ✓ � ✓
�

� 1/6.

Thus the bias is lower-bounded by a constant (independent of m) when ✓⇤ =

1
2 and |✓⇤ � ✓| =

O(1/
p

m).

Wrong minimum: From (6), we deduce that a stochastic gradient descent algorithm based on the
sample Wasserstein gradient will converge to a ˜✓ such that Pr{ˆ✓ < ˜✓} =

1
2 , i.e., ˜✓ is the median of

the distribution over ˆ✓, whereas ✓⇤ is the mean of that distribution. Since ˆ✓ follows a (normalized)
binomial distribution with parameters m and ✓⇤, we know that the median ˜✓ and the mean ✓⇤ do not
necessarily coincide, and can actually be as far as 1

2m

-away from each other. For example for any
odd m and any ✓⇤ 2

�

1
2 , 1

2 � 1
2m

�

the median is ✓⇤ � 1
2m

.

It follows that the minimum of the expected sample Wasserstein loss (the fixed point of the stochastic
gradient descent using the sample Wasserstein gradient) is different from the minimum of the true
Wasserstein loss:

arg min

✓

E[wp

p

(

ˆP
m

, Q
✓

)] 6= arg min

✓

[wp

p

(P, Q
✓

)].

This is illustrated in Figure 5.

Notice that the fact that the minima of these losses differ is worrisome as it means that minimizing
the sample Wasserstein loss using (finite) samples will not converge to the correct solution.

Deterministic solutions: Consider the specific case where (1/2)

1/n < ✓⇤ < 1 (illustrated in the
right plot of Figure 5). Then the expected sample gradient rE[wp

p

(

ˆP
m

, Q
✓

⇤
)] = Eĝ = 1�2(✓⇤)n <

0 for any ✓, so a gradient descent algorithm will converge to 1 instead of ✓⇤. Notice that a symmetric
argument applies for ✓⇤ close to 0.

In this simple example, minimizing the sample Wasserstein loss may lead to degenerate solutions
(i.e., deterministic) when our target distributions have low (but not zero) entropy.

A.3 Consistency of the sample 1-Wasserstein gradient

We provide an additional result here showing that the sample 1-Wasserstein gradient converges to
the true gradient as m ! 1.
Theorem 3. Let P and Q

✓

be probability distributions, with Q
✓

parametrized by ✓. Assume that
the set

�

x 2 X, such that F
P

(x) = F
Q✓ (x)

 

has measure zero, and that for any x 2 X , the map
˜✓ 7! F

Q✓̃
(x) is differentiable in a neighborhood V(✓) of ✓ with a uniformly bounded derivative

(for ˜✓ 2 V(✓) and x 2 X). Let ˆP
m

=

1
m

P

m

i=1 �
Xi be the empirical distribution derived from m

12

batch size = 1
𝜃* = 0.6

batch size = 6
𝜃* = 0.6

batch size = 5
𝜃* = 0.9

rea
l

sample expectation

EMD
⇣
B(✓⇤),B(✓)

⌘
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Cramer and energy distances
4.1 Definition and Analysis

Recall that for two distributions P and Q over R, their (cumulative) distribution functions are re-
spectively F

P

and F
Q

. The Cramér distance between P and Q is

l22(P, Q) :=

Z 1

�1
(F

P

(x) � F
Q

(x))

2dx.

Note that as written, the Cramér distance is not a metric proper. However, its square root is, and is a
member of the l

p

family of metrics

l
p

(P, Q) :=

✓

Z 1

�1
|F

P

(x) � F
Q

(x)|pdx

◆1/p

.

The l
p

and Wasserstein metrics are identical at p = 1, but are otherwise distinct. Like the Wasser-
stein metrics, the l

p

metrics have dual forms as integral probability metrics (see Dedecker and Mer-
levède, 2007, for a proof):

l
p

(P, Q) = sup

f2Fq

�

� E
x⇠P

f(x) � E
x⇠Q

f(x)

�

�, (3)

where F
q

:= {f : f is absolutely continuous,
�

�

df

dx

�

�

q

 1} and q is the conjugate exponent of p, i.e.
p�1

+ q�1
= 1.3 It is this dual form that we use to prove that the Cramér distance has property (S).

Theorem 2. Consider two random variables X , Y , a random variable A independent of X, Y , and
a real value c > 0. Then for 1  p  1,

(I) l
p

(A + X,A + Y )  l
p

(X, Y ) (S) l
p

(cX, cY )  |c|1/pl
p

(X, Y ).

Furthermore, the Cramér distance has unbiased sample gradients. That is, given X
m

:=

X1, . . . , Xm

drawn from a distribution P , the empirical distribution ˆP
m

:=

1
m

P

m

i=1 �
Xi , and a

distribution Q
✓

,
E

Xm⇠P

r
✓

l22( ˆP
m

, Q
✓

) = r
✓

l22(P, Q
✓

),

and of all the lp
p

distances, only the Cramér (p = 2) has this property.

We conclude that the Cramér distance enjoys both the benefits of the Wasserstein metric and the
SGD-friendliness of the KL divergence. Given the close similarity of the Wasserstein and l

p

metrics,
it is truly remarkable that only the Cramér distance has unbiased sample gradients.

The energy distance (Székely, 2002) is a natural extension of the Cramér distance to the multivariate
case. Let P, Q be probability distributions over Rd and let X, X 0 and Y, Y 0 be independent random
variables distributed according to P and Q, respectively. The energy distance (sometimes called the
squared energy distance, see e.g. Rizzo and Székely, 2016) is

E(P, Q) := E(X,Y ) := 2E kX � Y k2 � E kX � X 0k2 � E kY � Y 0k2 . (4)

Székely showed that, in the univariate case, l22(P, Q) =

1
2E(P, Q). Interestingly enough, the energy

distance can also be written in terms of a difference of expectations. For

f⇤
(x) := E kx � Y 0k2 � E kx � X 0k2 ,

we find that
E(X, Y ) = E f⇤

(X) � E f⇤
(Y ). (5)

Note that this f⇤ is not the maximizer of the dual (3), since 1
2E is equal to the squared l2 metric (i.e.
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In one-dimensional case:

– preserves nice properties of EMD
– is proven to have unbiased sample gradients
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Regularization (e.g. GP) 
needed to prevent critic from 

scaling the data to infinity

https://arxiv.org/abs/1705.10743

In the paper ‘surrogate’ loss 
(x′1 → 0) is used to avoid 

sampling from data twice

https://arxiv.org/abs/1705.10743


A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models

• No single guide to follow



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models

• No single guide to follow
• Approaches are very problem-specific



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models

• No single guide to follow
• Approaches are very problem-specific

– E.g. perceived visual quality of generated images vs. quality of a generated invariant 
mass distribution



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models

• No single guide to follow
• Approaches are very problem-specific

– E.g. perceived visual quality of generated images vs. quality of a generated invariant 
mass distribution

– Most solutions are adapted to or invented for a given particular task



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 37

Evaluating generative models

• No single guide to follow
• Approaches are very problem-specific

– E.g. perceived visual quality of generated images vs. quality of a generated invariant 
mass distribution

– Most solutions are adapted to or invented for a given particular task

• We’ll mention some notable examples
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Evaluating generative models
(most obvious thing to do)

• By-eye comparison 
– Compare individual objects or whole distributions (e.g. in projections) where possible 
– There might be no need to do any complicated evaluation if the model’s results 

simply look bad
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Evaluating generative models
(simple things to do)

• Compare meaningful physical characteristics 
– Integral characteristics (e.g. total energy of a calorimeter cluster) 
– Means, medians, standard deviations, etc.
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Evaluating generative models
(simple things to do)

• Compare meaningful physical characteristics 
– Integral characteristics (e.g. total energy of a calorimeter cluster) 
– Means, medians, standard deviations, etc.

• Statistical tests (Chi2, Kolmogorov-Smirnov, etc.) 
– Between individual dimensions or projections 
– p-values might look insane, probably better to compare the statistics themselves
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Evaluating generative models
• Train an independent classifier (e.g. xgboost) to distinguish real and 

fake samples 
• Evaluate your GAN by checking the classifier’s score (e.g. ROC AUC) 
• Pros: 

– An objective quality measure 

• Cons: 
– Resource consuming 
– Requires hyper-parameter tuning 
– May get picky to things that are not important

(the ‘additional classifier’ way)
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Evaluating generative models
(Inception score)
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• Apply the Inception model (pre-trained image classifier) to obtain 
conditional label distribution p(y|x) for each image x 
– this should be low-entropy (the classifier should be certain)
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Evaluating generative models
(Inception score)

• Introduced in https://arxiv.org/abs/1606.03498

• Apply the Inception model (pre-trained image classifier) to obtain 
conditional label distribution p(y|x) for each image x 
– this should be low-entropy (the classifier should be certain)

• calculate marginal p(y) = ∫p(y|x = G(z))p(z)dz 
– this should be high-entropy (diversity of samples)

• Combining these two requirements:

IS = exp

✓
E
x

h
KL(p(y|x)||p(y))

i◆

<latexit sha1_base64="IZ4tfr59TRZ/oaIFOBSMHUv1JgM="></latexit>

https://arxiv.org/abs/1606.03498


A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 42

Evaluating generative models
(Fréchet Inception Distance – FID)

https://arxiv.org/abs/1706.08500
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Evaluating generative models
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https://arxiv.org/abs/1706.08500

• One of drawbacks of IS is that it doesn’t care about the true distribution
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Evaluating generative models
(Fréchet Inception Distance – FID)

https://arxiv.org/abs/1706.08500

• One of drawbacks of IS is that it doesn’t care about the true distribution

• Instead one can compare distributions of activations at some Inception 
layer (originally – last pooling layer)

• The authors proposed calculating the Fréchet (aka Wasserstein-2) 
distance

• Distance between multivariate Gaussian approximations:

FID = ||µr � µg||2 +Tr(⌃r + ⌃g � 2(⌃r⌃g)
1/2)

<latexit sha1_base64="oxINSdDUeQ8JJcujmiRZ6bviEL4="></latexit>
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https://arxiv.org/abs/1806.00035


A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 43

Evaluating generative models
(Precision and Recall)https://arxiv.org/abs/1806.00035

P

S

= Q

S

, i.e., the distributions P and Q agree on S up to scaling, ↵̄ and ¯

� provide us with a simple
two-number precision and recall summary satisfying the examples in Figure 2 (a)-(d).

If P

S

6= Q

S

, we are faced with a conundrum: Should the differences in P

S

and Q

S

be attributed
to losses in precision or recall? Is Q

S

inadequately “covering” P

S

or is it generating “unnecessary”
noise? Inspired by PR curves for binary classification, we propose to resolve this predicament by
providing a trade-off between precision and recall instead of a two-number summary for any two
distributions P and Q. To parametrize this trade-off, we consider a distribution µ on S that signifies
a “true” common component of P

S

and Q

S

and similarly to (1), we decompose both P

S

and Q

S

as

P

S

= �

0
µ + (1 � �

0
)P

µ

and Q

S

= ↵

0
µ + (1 � ↵

0
)Q

µ

. (2)

The distribution P

S

is viewed as a two-component mixture where the first component is µ and the
second component P

µ

signifies the part of P

S

that is “missed” by Q

S

and should thus be considered
a recall loss. Similarly, Q

S

is decomposed into µ and the part Q

µ

that signifies noise and should thus
be considered a precision loss. As µ is varied, this leads to a trade-off between precision and recall.

It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
Definition 1. For ↵, � 2 (0, 1], the probability distribution Q has precision ↵ at recall � w.r.t. P if

there exist distributions µ, ⌫

P

and ⌫

Q

such that

P = �µ + (1 � �)⌫

P

and Q = ↵µ + (1 � ↵)⌫

Q

. (3)

The component ⌫

P

denotes the part of P that is “missed” by Q and encompasses both P

S

in (1) and
P

µ

in (2). Similarly, ⌫

Q

denotes the noise part of Q and includes both Q

S

in (1) and Q

µ

in (2).
Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)

(iv) P (supp(Q)) =

¯

� = max(↵,�)2PRD(Q,P ) � (max recall)

(v) (↵

0
, �

0
) 2 PRD(Q, P ) if ↵

0 2 (0, ↵], �

0 2 (0, �], (↵, �) 2 PRD(Q, P ) (monotonicity)

(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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be attributed
to losses in precision or recall? Is Q

S

inadequately “covering” P

S

or is it generating “unnecessary”
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second component P
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signifies the part of P
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that is “missed” by Q
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and should thus be considered
a recall loss. Similarly, Q

S

is decomposed into µ and the part Q

µ

that signifies noise and should thus
be considered a precision loss. As µ is varied, this leads to a trade-off between precision and recall.

It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
Definition 1. For ↵, � 2 (0, 1], the probability distribution Q has precision ↵ at recall � w.r.t. P if

there exist distributions µ, ⌫

P

and ⌫

Q

such that

P = �µ + (1 � �)⌫

P

and Q = ↵µ + (1 � ↵)⌫
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. (3)

The component ⌫
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denotes the part of P that is “missed” by Q and encompasses both P

S

in (1) and
P

µ

in (2). Similarly, ⌫

Q

denotes the noise part of Q and includes both Q

S

in (1) and Q

µ

in (2).
Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)

(iv) P (supp(Q)) =

¯

� = max(↵,�)2PRD(Q,P ) � (max recall)

(v) (↵

0
, �

0
) 2 PRD(Q, P ) if ↵

0 2 (0, ↵], �

0 2 (0, �], (↵, �) 2 PRD(Q, P ) (monotonicity)

(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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second component P

µ

signifies the part of P
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that is “missed” by Q
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and should thus be considered
a recall loss. Similarly, Q

S

is decomposed into µ and the part Q

µ

that signifies noise and should thus
be considered a precision loss. As µ is varied, this leads to a trade-off between precision and recall.

It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
Definition 1. For ↵, � 2 (0, 1], the probability distribution Q has precision ↵ at recall � w.r.t. P if

there exist distributions µ, ⌫
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and ⌫
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such that
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. (3)

The component ⌫
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denotes the part of P that is “missed” by Q and encompasses both P
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in (1) and
P
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in (2). Similarly, ⌫

Q

denotes the noise part of Q and includes both Q
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in (1) and Q

µ

in (2).
Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)

(iv) P (supp(Q)) =

¯

� = max(↵,�)2PRD(Q,P ) � (max recall)

(v) (↵
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(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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Figure 2: Intuitive examples of P and Q.
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Figure 3: PRD(Q,P ) for the examples above. Figure 4: Illustration of the algorithm.

The FID [9] provides an alternative approach which requires no labeled data. The samples are first
embedded in some feature space (e.g., a specific layer of Inception network for images). Then,
a continuous multivariate Gaussian is fit to the data and the distance computed as FID(x, g) =
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), where µ and ⌃ denote the mean and covariance of the

corresponding samples. FID is sensitive to both the addition of spurious modes as well as to mode
dropping (see Figure 5 and results in [18]). [4] recently introduced an unbiased alternative to FID,
the Kernel Inception Distance. While unbiased, it shares an extremely high Spearman rank-order
correlation with FID [14].

Another approach is to train a classifier between the real and fake distributions and to use its accuracy
on a test set as a proxy for the quality of the samples [11, 17]. This approach necessitates training of
a classifier for each model which is seldom practical. Furthermore, the classifier might detect a single
dimension where the true and generated samples differ (e.g., barely visible artifacts in generated
images) and enjoy high accuracy, which runs the risk of assigning lower quality to a better model.

To the best of our knowledge, all commonly used metrics for evaluating generative models are
one-dimensional in that they only yield a single score or distance. A notion of precision and recall
has previously been introduced in [18] where the authors compute the distance to the manifold of the
true data and use it as a proxy for precision and recall on a synthetic data set. Unfortunately, it is not
possible to compute this quantity for more complex data sets.

3 PRD: Precision and Recall for Distributions
In this section, we derive a novel notion of precision and recall to compare a distribution Q to a
reference distribution P . The key intuition is that precision should measure how much of Q can be
generated by a “part” of P while recall should measure how much of P can be generated by a “part”
of Q. Figure 2 (a)-(d) show four toy examples for P and Q to visualize this idea: (a) If P is bimodal
and Q only captures one of the modes, we should have perfect precision but only limited recall. (b) In
the opposite case, we should have perfect recall but only limited precision. (c) If Q = P , we should
have perfect precision and recall. (d) If the supports of P and Q are disjoint, we should have zero
precision and recall.

3.1 Derivation
Let S = supp(P ) \ supp(Q) be the (non-empty) intersection of the supports2 of P and Q. Then, P

may be viewed as a two-component mixture where the first component P

S

is a probability distribution
on S and the second component P

S

is defined on the complement of S. Similarly, Q may be rewritten
as a mixture of Q

S

and Q

S

. More formally, for some ↵̄,
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� 2 (0, 1], we define
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+ (1 � ¯
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and Q = ↵̄Q
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+ (1 � ↵̄)Q
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. (1)

This decomposition allows for a natural interpretation: P

S

is the part of P that cannot be generated
by Q, so its mixture weight 1 � ¯

� may be viewed as a loss in recall. Similarly, Q

S

is the part of Q

that cannot be generated by P , so 1 � ↵̄ may be regarded as a loss in precision. In the case where
2For a distribution P defined on a finite state space ⌦, we define supp(P ) = {! 2 ⌦ | P (!) > 0}.
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P
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= Q
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, i.e., the distributions P and Q agree on S up to scaling, ↵̄ and ¯

� provide us with a simple
two-number precision and recall summary satisfying the examples in Figure 2 (a)-(d).

If P

S

6= Q

S

, we are faced with a conundrum: Should the differences in P

S

and Q

S

be attributed
to losses in precision or recall? Is Q

S

inadequately “covering” P

S

or is it generating “unnecessary”
noise? Inspired by PR curves for binary classification, we propose to resolve this predicament by
providing a trade-off between precision and recall instead of a two-number summary for any two
distributions P and Q. To parametrize this trade-off, we consider a distribution µ on S that signifies
a “true” common component of P

S

and Q

S

and similarly to (1), we decompose both P

S

and Q

S

as

P

S

= �

0
µ + (1 � �

0
)P

µ

and Q

S

= ↵

0
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0
)Q
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. (2)

The distribution P

S

is viewed as a two-component mixture where the first component is µ and the
second component P

µ

signifies the part of P

S

that is “missed” by Q

S

and should thus be considered
a recall loss. Similarly, Q

S

is decomposed into µ and the part Q

µ

that signifies noise and should thus
be considered a precision loss. As µ is varied, this leads to a trade-off between precision and recall.

It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
Definition 1. For ↵, � 2 (0, 1], the probability distribution Q has precision ↵ at recall � w.r.t. P if

there exist distributions µ, ⌫

P

and ⌫

Q

such that

P = �µ + (1 � �)⌫

P

and Q = ↵µ + (1 � ↵)⌫

Q

. (3)

The component ⌫

P

denotes the part of P that is “missed” by Q and encompasses both P

S

in (1) and
P

µ

in (2). Similarly, ⌫

Q

denotes the noise part of Q and includes both Q

S

in (1) and Q

µ

in (2).
Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)

(iv) P (supp(Q)) =

¯

� = max(↵,�)2PRD(Q,P ) � (max recall)

(v) (↵

0
, �

0
) 2 PRD(Q, P ) if ↵

0 2 (0, ↵], �

0 2 (0, �], (↵, �) 2 PRD(Q, P ) (monotonicity)

(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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The FID [9] provides an alternative approach which requires no labeled data. The samples are first
embedded in some feature space (e.g., a specific layer of Inception network for images). Then,
a continuous multivariate Gaussian is fit to the data and the distance computed as FID(x, g) =
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corresponding samples. FID is sensitive to both the addition of spurious modes as well as to mode
dropping (see Figure 5 and results in [18]). [4] recently introduced an unbiased alternative to FID,
the Kernel Inception Distance. While unbiased, it shares an extremely high Spearman rank-order
correlation with FID [14].

Another approach is to train a classifier between the real and fake distributions and to use its accuracy
on a test set as a proxy for the quality of the samples [11, 17]. This approach necessitates training of
a classifier for each model which is seldom practical. Furthermore, the classifier might detect a single
dimension where the true and generated samples differ (e.g., barely visible artifacts in generated
images) and enjoy high accuracy, which runs the risk of assigning lower quality to a better model.

To the best of our knowledge, all commonly used metrics for evaluating generative models are
one-dimensional in that they only yield a single score or distance. A notion of precision and recall
has previously been introduced in [18] where the authors compute the distance to the manifold of the
true data and use it as a proxy for precision and recall on a synthetic data set. Unfortunately, it is not
possible to compute this quantity for more complex data sets.

3 PRD: Precision and Recall for Distributions
In this section, we derive a novel notion of precision and recall to compare a distribution Q to a
reference distribution P . The key intuition is that precision should measure how much of Q can be
generated by a “part” of P while recall should measure how much of P can be generated by a “part”
of Q. Figure 2 (a)-(d) show four toy examples for P and Q to visualize this idea: (a) If P is bimodal
and Q only captures one of the modes, we should have perfect precision but only limited recall. (b) In
the opposite case, we should have perfect recall but only limited precision. (c) If Q = P , we should
have perfect precision and recall. (d) If the supports of P and Q are disjoint, we should have zero
precision and recall.

3.1 Derivation
Let S = supp(P ) \ supp(Q) be the (non-empty) intersection of the supports2 of P and Q. Then, P

may be viewed as a two-component mixture where the first component P

S

is a probability distribution
on S and the second component P

S

is defined on the complement of S. Similarly, Q may be rewritten
as a mixture of Q
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. More formally, for some ↵̄,
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This decomposition allows for a natural interpretation: P
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is the part of P that cannot be generated
by Q, so its mixture weight 1 � ¯

� may be viewed as a loss in recall. Similarly, Q

S

is the part of Q

that cannot be generated by P , so 1 � ↵̄ may be regarded as a loss in precision. In the case where
2For a distribution P defined on a finite state space ⌦, we define supp(P ) = {! 2 ⌦ | P (!) > 0}.
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It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
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Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)
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(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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Figure 2: Intuitive examples of P and Q.
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Figure 3: PRD(Q,P ) for the examples above. Figure 4: Illustration of the algorithm.

The FID [9] provides an alternative approach which requires no labeled data. The samples are first
embedded in some feature space (e.g., a specific layer of Inception network for images). Then,
a continuous multivariate Gaussian is fit to the data and the distance computed as FID(x, g) =

||µ
x

� µ

g

||22 + Tr(⌃

x

+ ⌃

g

� 2(⌃

x

⌃

g

)

1
2
), where µ and ⌃ denote the mean and covariance of the

corresponding samples. FID is sensitive to both the addition of spurious modes as well as to mode
dropping (see Figure 5 and results in [18]). [4] recently introduced an unbiased alternative to FID,
the Kernel Inception Distance. While unbiased, it shares an extremely high Spearman rank-order
correlation with FID [14].

Another approach is to train a classifier between the real and fake distributions and to use its accuracy
on a test set as a proxy for the quality of the samples [11, 17]. This approach necessitates training of
a classifier for each model which is seldom practical. Furthermore, the classifier might detect a single
dimension where the true and generated samples differ (e.g., barely visible artifacts in generated
images) and enjoy high accuracy, which runs the risk of assigning lower quality to a better model.

To the best of our knowledge, all commonly used metrics for evaluating generative models are
one-dimensional in that they only yield a single score or distance. A notion of precision and recall
has previously been introduced in [18] where the authors compute the distance to the manifold of the
true data and use it as a proxy for precision and recall on a synthetic data set. Unfortunately, it is not
possible to compute this quantity for more complex data sets.

3 PRD: Precision and Recall for Distributions
In this section, we derive a novel notion of precision and recall to compare a distribution Q to a
reference distribution P . The key intuition is that precision should measure how much of Q can be
generated by a “part” of P while recall should measure how much of P can be generated by a “part”
of Q. Figure 2 (a)-(d) show four toy examples for P and Q to visualize this idea: (a) If P is bimodal
and Q only captures one of the modes, we should have perfect precision but only limited recall. (b) In
the opposite case, we should have perfect recall but only limited precision. (c) If Q = P , we should
have perfect precision and recall. (d) If the supports of P and Q are disjoint, we should have zero
precision and recall.

3.1 Derivation
Let S = supp(P ) \ supp(Q) be the (non-empty) intersection of the supports2 of P and Q. Then, P

may be viewed as a two-component mixture where the first component P

S

is a probability distribution
on S and the second component P

S

is defined on the complement of S. Similarly, Q may be rewritten
as a mixture of Q

S

and Q

S

. More formally, for some ↵̄,

¯

� 2 (0, 1], we define

P =

¯

�P

S

+ (1 � ¯

�)P

S

and Q = ↵̄Q

S

+ (1 � ↵̄)Q

S

. (1)

This decomposition allows for a natural interpretation: P

S

is the part of P that cannot be generated
by Q, so its mixture weight 1 � ¯

� may be viewed as a loss in recall. Similarly, Q

S

is the part of Q

that cannot be generated by P , so 1 � ↵̄ may be regarded as a loss in precision. In the case where
2For a distribution P defined on a finite state space ⌦, we define supp(P ) = {! 2 ⌦ | P (!) > 0}.
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P

S

= Q

S

, i.e., the distributions P and Q agree on S up to scaling, ↵̄ and ¯

� provide us with a simple
two-number precision and recall summary satisfying the examples in Figure 2 (a)-(d).

If P

S

6= Q

S

, we are faced with a conundrum: Should the differences in P

S

and Q

S

be attributed
to losses in precision or recall? Is Q

S

inadequately “covering” P

S

or is it generating “unnecessary”
noise? Inspired by PR curves for binary classification, we propose to resolve this predicament by
providing a trade-off between precision and recall instead of a two-number summary for any two
distributions P and Q. To parametrize this trade-off, we consider a distribution µ on S that signifies
a “true” common component of P

S

and Q

S

and similarly to (1), we decompose both P

S

and Q

S

as

P

S

= �

0
µ + (1 � �

0
)P

µ

and Q

S

= ↵

0
µ + (1 � ↵

0
)Q

µ

. (2)

The distribution P

S

is viewed as a two-component mixture where the first component is µ and the
second component P

µ

signifies the part of P

S

that is “missed” by Q

S

and should thus be considered
a recall loss. Similarly, Q

S

is decomposed into µ and the part Q

µ

that signifies noise and should thus
be considered a precision loss. As µ is varied, this leads to a trade-off between precision and recall.

It should be noted that unlike PR curves for binary classification where different thresholds lead to
different classifiers, trade-offs between precision and recall here do not constitute different models
or distributions – the proposed PRD curves only serve as a description of the characteristics of the
model with respect to the target distribution.

3.2 Formal definition
For simplicity, we consider distributions P and Q that are defined on a finite state space, though the
notion of precision and recall can be extended to arbitrary distributions. By combining (1) and (2),
we obtain the following formal definition of precision and recall.
Definition 1. For ↵, � 2 (0, 1], the probability distribution Q has precision ↵ at recall � w.r.t. P if

there exist distributions µ, ⌫

P

and ⌫

Q

such that

P = �µ + (1 � �)⌫

P

and Q = ↵µ + (1 � ↵)⌫

Q

. (3)

The component ⌫

P

denotes the part of P that is “missed” by Q and encompasses both P

S

in (1) and
P

µ

in (2). Similarly, ⌫

Q

denotes the noise part of Q and includes both Q

S

in (1) and Q

µ

in (2).
Definition 2. The set of attainable pairs of precision and recall of a distribution Q w.r.t. a distribution

P is denoted by PRD(Q, P ) and it consists of all (↵, �) satisfying Definition 1 and the pair (0, 0).

The set PRD(Q, P ) characterizes the above-mentioned trade-off between precision and recall and can
be visualized similarly to PR curves in binary classification: Figure 3 (a)-(d) show the set PRD(Q, P )

on a 2D-plot for the examples (a)-(d) in Figure 2. Note how the plot distinguishes between (a) and
(b): Any symmetric evaluation method (such as FID) assigns these cases the same score although
they are highly different. The interpretation of the set PRD(Q, P ) is further aided by the following
set of basic properties which we prove in Section A.1 in the appendix.
Theorem 1. Let P and Q be probability distributions defined on a finite state space ⌦. The set

PRD(Q, P ) satisfies the following properties:

(i) (1, 1) 2 PRD(Q, P ) , Q = P (equality)

(ii) PRD(Q, P ) = {(0, 0)} , supp(Q) \ supp(P ) = ; (disjoint supports)

(iii) Q(supp(P )) = ↵̄ = max(↵,�)2PRD(Q,P ) ↵ (max precision)

(iv) P (supp(Q)) =

¯

� = max(↵,�)2PRD(Q,P ) � (max recall)

(v) (↵

0
, �

0
) 2 PRD(Q, P ) if ↵

0 2 (0, ↵], �

0 2 (0, �], (↵, �) 2 PRD(Q, P ) (monotonicity)

(vi) (↵, �) 2 PRD(Q, P ) , (�, ↵) 2 PRD(P, Q) (duality)

Property (i) in combination with Property (v) guarantees that Q = P if the set PRD(Q, P ) contains
the interior of the unit square, see case (c) in Figures 2 and 3. Similarly, Property (ii) assures that
whenever there is no overlap between P and Q, PRD(Q, P ) only contains the origin, see case (d) of
Figures 2 and 3. Properties (iii) and (iv) provide a connection to the decomposition in (1) and allow
an analysis of the cases (a) and (b) in Figures 2 and 3: As expected, Q in (a) achieves a maximum
precision of 1 but only a maximum recall of 0.5 while in (b), maximum recall is 1 but maximum
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Decomposition with 
a common part

• The authors provide an algorithm to 
calculate it for discrete distributions

• They convert Inception activations to 
discrete distribution using k-means 
clustering
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Evaluating generative models
Measure Description

Q
u
a
n
t
i
t
a
t
i
v
e

1. Average Log-likelihood [18, 22] • Log likelihood of explaining realworld held out/test data using a density estimated from the generated data
(e.g. using KDE or Parzen window estimation). L =

1
N

P
i

logP
model

(x

i

)

2. Coverage Metric [33] • The probability mass of the true data “covered” by the model distribution
C := P

data

(dP
model

> t) with t such that P
model

(dP
model

> t) = 0.95

3. Inception Score (IS) [3] • KLD between conditional and marginal label distributions over generated data. exp (E
x

[KL (p (y | x) k p (y))])

4. Modified Inception Score (m-IS) [34] • Encourages diversity within images sampled from a particular category. exp(E
xi [Exj [(KL(P (y|x

i

)||P (y|x
j

))]])

5. Mode Score (MS) [35] • Similar to IS but also takes into account the prior distribution of the labels over real data.
exp

�
E
x

⇥
KL

�
p (y | x) k p

�
ytrain

��⇤
� KL

�
p (y) k p

�
ytrain

���

6. AM Score [36] • Takes into account the KLD between distributions of training labels vs. predicted labels,
as well as the entropy of predictions. KL(p(ytrain

) k p(y))+E
x

⇥
H(y|x)

⇤

7. Fréchet Inception Distance (FID) [37]
• Wasserstein-2 distance between multi-variate Gaussians fitted to data embedded into a feature space
FID(r, g) = ||µ

r

� µ
g

||22 + Tr(⌃
r

+ ⌃

g

� 2(⌃

r

⌃

g

)

1
2
)

8. Maximum Mean Discrepancy (MMD)
[38]

• Measures the dissimilarity between two probability distributions P
r

and P
g

using samples drawn independently
from each distribution. M

k

(P
r

, P
g

) = E
x,x

0⇠Pr
[k(x,x0

)]� 2E
x⇠Pr,y⇠Pg [k(x,y)] + Ey,y0⇠Pg

[k(y,y0
)]

9. The Wasserstein Critic [39]
• The critic (e.g. an NN) is trained to produce high values at real samples and low values at generated samples
ˆW (xtest ,xg

) =

1
N

P
N

i=1
ˆf(xtest [i])� 1

N

P
N

i=1
ˆf(x

g

[i])

10. Birthday Paradox Test [27] • Measures the support size of a discrete (continuous) distribution by counting the duplicates (near duplicates)
11. Classifier Two Sample Test (C2ST) [40] • Answers whether two samples are drawn from the same distribution (e.g. by training a binary classifier)

12. Classification Performance [1, 15] • An indirect technique for evaluating the quality of unsupervised representations
(e.g. feature extraction; FCN score). See also the GAN Quality Index (GQI) [41].

13. Boundary Distortion [42] • Measures diversity of generated samples and covariate shift using classification methods.
14. Number of Statistically-Different Bins
(NDB) [43]

• Given two sets of samples from the same distribution, the number of samples that
fall into a given bin should be the same up to sampling noise

15. Image Retrieval Performance [44] • Measures the distributions of distances to the nearest neighbors of some query images (i.e. diversity)
16. Generative Adversarial Metric (GAM)
[31]

• Compares two GANs by having them engaged in a battle against each other by swapping discriminators
or generators. p(x|y = 1;M ‘

1)/p(x|y = 1;M ‘
2) =

�
p(y = 1|x;D1)p(x;G2)

�
/
�
p(y = 1|x;D2)p(x;G1)

�

17. Tournament Win Rate and Skill
Rating [45]

• Implements a tournament in which a player is either a discriminator that attempts to distinguish between
real and fake data or a generator that attempts to fool the discriminators into accepting fake data as real.

18. Normalized Relative Discriminative
Score (NRDS) [32]

• Compares n GANs based on the idea that if the generated samples are closer to real ones,
more epochs would be needed to distinguish them from real samples.

19. Adversarial Accuracy and Divergence
[46]

• Adversarial Accuracy. Computes the classification accuracies achieved by the two classifiers, one trained
on real data and another on generated data, on a labeled validation set to approximate P

g

(y|x) and P
r

(y|x).
Adversarial Divergence: Computes KL(P

g

(y|x), P
r

(y|x))
20. Geometry Score [47] • Compares geometrical properties of the underlying data manifold between real and generated data.

21. Reconstruction Error [48] • Measures the reconstruction error (e.g. L2 norm) between a test image and its closest
generated image by optimizing for z (i.e. min

z

||G(z)� x

(test)||2)
22. Image Quality Measures [49, 50, 51] • Evaluates the quality of generated images using measures such as SSIM, PSNR, and sharpness difference

23. Low-level Image Statistics [52, 53] • Evaluates how similar low-level statistics of generated images are to those of natural scenes
in terms of mean power spectrum, distribution of random filter responses, contrast distribution, etc.

24. Precision, Recall and F1 score [23] • These measures are used to quantify the degree of overfitting in GANs, often over toy datasets.

Q
u
a
l
i
t
a
t
i
v
e

1. Nearest Neighbors • To detect overfitting, generated samples are shown next to their nearest neighbors in the training set

2. Rapid Scene Categorization [18] • In these experiments, participants are asked to distinguish generated samples from real images
in a short presentation time (e.g. 100 ms); i.e. real v.s fake

3. Preference Judgment [54, 55, 56, 57] • Participants are asked to rank models in terms of the fidelity of their generated images (e.g. pairs, triples)

4. Mode Drop and Collapse [58, 59] • Over datasets with known modes (e.g. a GMM or a labeled dataset), modes are computed as by measuring
the distances of generated data to mode centers

5. Network Internals [1, 60, 61, 62, 63, 64] • Regards exploring and illustrating the internal representation and dynamics of models (e.g. space continuity)
as well as visualizing learned features

Table 1: A summary of common GAN evaluation measures.
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More on the subject 
(extensive comparison of a 
large variety of measures):

https://arxiv.org/abs/1802.03446
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Training on "noisy" data
• Training on real data rather than simulated events allows to 

avoid calibration-related issues 

• Special datasets were selected with a selection strategy 
carefully studied to avoid bias on the PID variables† 

• The data is contaminated with background events 

• Signal can be statistically extracted with a maximum 
likelihood fit 

• sPlot technique†† was utilized to extract the signal 
distributions of the output variables 

– loss function was weighted with the s-weights

sPlot demonstrated on toy data

signal + background mixture that can 
be statistically disentangled (e.g. with 
a maximum likelihood fit) 

sPlot technique allows one to reconstruct per-
component distributions of variables that are 
independent from the discriminative variable

it does so using weights ("s-weitghts") calculated 
from the relative probabilities of components

marginalizing out the 
discriminative variable reconstructs 
the distribution for the variable of 
interest

†Aaij, R., Anderlini, L., Benson, S. et al. Selection and processing of 
calibration samples to measure the particle identification performance 

of the LHCb experiment in Run 2. EPJ Techn Instrum 6, 1 (2019) 

††M. Pivk and F. R. Le Diberder, sPlot: A statistical tool to unfold data 
distributions, Nuclear Instruments and Methods in Physics Research 

Section A: Accelerators, Spectrometers, Detectors and Associated 
Equipment 555 (2005) 356–369
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FAST LHCb CALORIMETER SIMULATION
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Setup
• LHCb inspired calorimeter in GEANT4 
‣ 30x30 cells 

• 5 conditional parameters per particle 
‣ 3D momentum 
‣ 2D coordinate 

• Electrons from particle gun shot at 1x1 
cm square at the center of the 
calorimeter face Average cluster



A. Maevskiy   —   Lambda, NRU HSE                         05.02.2020 48

Model architecture

Generator
input

5x1: 
px, py, pz, ...

256x4x4

128x8x8

64x16x16

32x32x32 30x30

Discriminator

256x4x4

128x8x8

64x16x16

32x32x32

Regressor (pretrained)

256x4x4

128x8x8

64x16x16

32x32x32

real

fake

30x30

30x30

score

input

1x1

5x1

Upsampling 2x + Conv + BN + ReLU

Conv s2 + LeakyReLU (gray = fixed)

CxHxW output tensor size (w/o batch size)

CxHxWCxHxW

noise
Nx1

Training scheme

FC + reshape

concat
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Energy deposits
Figure 2: energy deposition in di↵erent cells of used 30⇥30 setup for Geant4 simulated
events averaged over all events in the used dataset.

(a)
E0 = 63.7 GeV

(b)
E0 = 6.5 GeV

(c)
E0 = 15.6 GeV

(d)
E0 = 15.9 GeV

Figure 3: Showers generated with Geant4 (first row) and the showers, simulated with our
model (second row) for three di↵erent sets of input parameters. Color represents log10( E

MeV

)
for every cell.

5 Experiments

We start with comparing original clusters, produced by full Geant4 simulation and clusters
generated by the trained model for the same parameters of the incident particles: the same
energy, the same direction, and the same position on the calorimeter face. Corresponding
images for four arbitrary parameter sets are presented in Fig. 3. These images demonstrate
the very good visual similarity between simulated and generated clusters.

Then we continue with a quantitative evaluation of the proposed simulation method.
While generic evaluation methods for generative models exist, here we base our evaluation on
physics-driven similarity metrics. These metrics are designed using the domain knowledge
and the recommendations from physicists on the evaluation of simulation procedures. For
this presentation, we selected a few cluster properties which essentially drive cluster proper-
ties used in the reconstruction of calorimeter objects and following physics analysis. If the
initial particle direction is not perpendicular to the calorimeter face, the produced cluster is
elongated in that direction. Therefore, we consider separately cluster width in the direction of

GEANT4

GAN
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5 Experiments

We start with comparing original clusters, produced by full Geant4 simulation and clusters
generated by the trained model for the same parameters of the incident particles: the same
energy, the same direction, and the same position on the calorimeter face. Corresponding
images for four arbitrary parameter sets are presented in Fig. 3. These images demonstrate
the very good visual similarity between simulated and generated clusters.

Then we continue with a quantitative evaluation of the proposed simulation method.
While generic evaluation methods for generative models exist, here we base our evaluation on
physics-driven similarity metrics. These metrics are designed using the domain knowledge
and the recommendations from physicists on the evaluation of simulation procedures. For
this presentation, we selected a few cluster properties which essentially drive cluster proper-
ties used in the reconstruction of calorimeter objects and following physics analysis. If the
initial particle direction is not perpendicular to the calorimeter face, the produced cluster is
elongated in that direction. Therefore, we consider separately cluster width in the direction of

GEANT4

GAN

OK, these look similar, but 
what’s the best way to quantify 

this similarity?
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Physics-motivated characteristics

• Idea: convert each cluster to a meaningful single value 
‣ Then compare real vs generated distributions of such values
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Physics-motivated characteristics

Visual similarity of raw 
features does not guarantee 
the similarity of higher-level 

characteristics

• Idea: convert each cluster to a meaningful single value 
‣ Then compare real vs generated distributions of such values
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Physics-motivated characteristics

Visual similarity of raw 
features does not guarantee 
the similarity of higher-level 

characteristics

• Idea: convert each cluster to a meaningful single value 
‣ Then compare real vs generated distributions of such values

Some of these are 
reproduced quite well 

though!
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EM calorimeter shower fast simulation in ATLAS

Generating output for 3D calorimeter 
structure (4  calorimeter layers, 266 

output channels)

https://indico.cern.ch/
event/766872/

contributions/3357991/

https://indico.cern.ch/event/766872/contributions/3357991/
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EM calorimeter shower fast simulation in ATLAS

Evaluating GAN performance  
through physics observables

(Δ𝜼, Δ𝝋, Esim/Etruth, etc.)

Generating output for 3D calorimeter 
structure (4  calorimeter layers, 266 

output channels)

https://indico.cern.ch/
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EM calorimeter shower fast simulation in ATLAS

Evaluating GAN performance  
through physics observables

(Δ𝜼, Δ𝝋, Esim/Etruth, etc.)
Two critics trained 

simultaneously
(additional critic to look at the 

total energy distribution)

Generating output for 3D calorimeter 
structure (4  calorimeter layers, 266 

output channels)

https://indico.cern.ch/
event/766872/

contributions/3357991/

https://indico.cern.ch/event/766872/contributions/3357991/
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High granularity calorimeter fast simulation for CLIC

https://indico.cern.ch/
event/766872/

contributions/3357987/

https://indico.cern.ch/event/766872/contributions/3357987/
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High granularity calorimeter fast simulation for CLIC

Evaluating with >200 physics 
observables!!!

https://indico.cern.ch/
event/766872/

contributions/3357987/

https://indico.cern.ch/event/766872/contributions/3357987/
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High granularity calorimeter fast simulation for CLIC

Evaluating with >200 physics 
observables!!!

+ using structural similarity 
index (SSIM) on calorimeter 

images

https://indico.cern.ch/
event/766872/

contributions/3357987/
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High granularity calorimeter fast simulation for CLIC

Evaluating with >200 physics 
observables!!!

+ using structural similarity 
index (SSIM) on calorimeter 

images

Sparse images with 
~65000 pixels!!!

https://indico.cern.ch/
event/766872/

contributions/3357987/
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High granularity calorimeter fast simulation for CLIC

Evaluating with >200 physics 
observables!!!

+ using structural similarity 
index (SSIM) on calorimeter 

images

Sparse images with 
~65000 pixels!!!

https://indico.cern.ch/
event/766872/

contributions/3357987/

Discriminator 
also predicts 

energy

https://indico.cern.ch/event/766872/contributions/3357987/

