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Multilayer perceptron
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Multilayer perceptron
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Multilayer perceptron = universal approximator
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multilayer perceptron can approximate a continuous
function to any desired accuracy

Cybenko 1989; Hornik 1991




Curse of dimensionality
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Computer vision problems

input image input
vector



Computer vision problems

input image input
vector

must learn shift invariance from data!



Take advantage of structure!

Electrical signal
from brain

Recording electrode ——

Visual area
of brain

LeCun et al. 1989

Fukushima 1980
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Convolutional Neural Networks
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Take advantage of self-similar structures at different scales

* Local operations with shared weights

Shift-equivariant convolutional filters + pooling = shift invariance

0 (1) parameters per filter
* 0(n) complexity per layer

LeCun et al. 1989



Inductive biases
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Multilayer perceptrons CNNs G-CNNs
“Universal approximators” Translation equivariance Group equivariance
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Interaction networks

Social networks

Molecules
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any scientific fields study data with an underlying
structure that is non-Euclid Some examp
include social networks in computational social sci-
ences, sensor networks in communications, func-
tional networks in brain imaging, regulatory networks in
genetics, and meshed surfaces in computer graphics. In
many applications, such geometric data are large and com-
plex (in the case of social networks, on the scale of billions)
and are natural targets for hine-learning il
In particular, we would like to use deep neural networks,
which have recently proven to be powerful tools for a broad
range of problems from computer vision, natural-language
processing, and audio analysis. However, these tools have
been most successful on data with an underlying Euclidean or
grid-like structure and in cases where the invariances of these
structures are built into networks used to model them.

Geometric deep learning is an umbrella term for emerging
techniques attempting to generalize (structured) deep neural mod-
els to non-Euclidean domains, such as graphs and manifolds. The
purpose of this article is to overview different examples of geometric
deep-learning probl and p solutions, key difficul-
ties, applications, and future research directions in this nascent field.

Overview of deep learning

Deep learning refers to learning complicated concepts by building them from

simpler ones in a hierarchical or multilayer manner. Artificial neural networks are

popular realizations of such deep multilayer hierarchies. In the past few years, the growing

computational power of modern graphics processing unit (GPU)-based computers and the avail-

ability of large training data sets have allowed fully ing neural networks with many layers

and degrees of freedom (DoF) [1]. This has led to qualitative breakthroughs on a wide variety of tasks, from
speech recognition [2], [3] and machine translation [4] to image analysis and computer vision [S]-[11] (see [12]
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and [13] for many additional examples of successful applications of deep learning). Today, deep leamning
has matured into a technology that is widely used in commercial applications, including Siri speech recog-
nition in Apple iPhone, Google text translation, and Mobileye vision-based technology for autonomously
driving cars.
One of the key reasons for the success of deep neural networks is their ability to leverage sta-
tistical properties of the data, such as stationarity and compositionality through local statistics,
which are present in natural images, video, and speech [14], [15]. These statistical properties
have been related to physics [16] and formalized in specific classes of convolutional neural
networks (CNNs) [17]-[19]. In image analysis applications, one can consider images as
functions on the Euclidean space (plane), sampled on a grid. In this setting, stationarity
is owed to shift invariance, locality is due to the local connectivity, and compositional-
ity stems from the multiresolution structure of the grid. These properties are exploited
by convolutional architectures [20], which are built of alternating convolutional and
downsampling (pooling) layers. The use of convolutions has a twofold effect. First, it
allows extracting local features that are shared across the image domain and great-
ly reduces the number of parameters in the network with respect to generic deep
architectures (and thus also the risk of overfitting), without sacrificing the expres-
sive capacity of the network. Second, the convolutional architecture itself imposes
some priors about the data, which appear very suitable especially for natural images
[17)-{19], [21).
While deep-learning models have been particularly successful when dealing
with speech, image, and video signals, in which there are an underlying Euclide-
an structure, recently there has been a growing interest in trying to apply learning
on non-Euclidean geometric data. Such kinds of data arise in numerous applica-
tions. For instance, in social networks, the characteristics of users can be modeled
as signals on the vertices of the social graph [22). Sensor networks are graph models
of distributed interconnected sensors, whose readings are modeled as time-depen-
dent signals on the vertices. In genetics, gene expression data are modeled as signals
defined on the regulatory network [23). In neuroscience, graph models are used to rep-
resent anatomical and functional structures of the brain. In computer graphics and vision,
three-dimensional (3-D) objects are modeled as Riemannian manifolds (surfaces) endowed
with properties such as color texture.
The non-Euclidean nature of such data implies that there are no such familiar properties as
global parameterization, common system of coordinates, vector space structure, or shift
invariance. Consequently, basic operations like convolution that are taken for granted in
the Euclidean case are even not well defined on non-Euclidean domains. The purpose
of this article is to show different methods of translating the key ingredients of suc-
cessful deep-learning methods, such as CNNs, to non-Euclidean data.

®
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Geometric learning problems

Broadly speaking, we can distinguish between two classes of geometric

leaming problems. In the first class of problems, the goal is to characterize
the structure of the data. The second class of problems deals with analyz-
ing functions defined on a given non-Euclidean domain. These two class-
es are related, because understanding the properties of functions defined
on a domain conveys certain information about the domain, and vice
versa, the structure of the domain imposes certain properties on the func-
tions on it.

Structure of the domain
As an example of the first class of problems, assume to be given a set of
data points with some underlying low-dimensional structure embedded into a
high-dimensional Euclidean space. Recovering that low-dimensional structure
is often referred to as ifold learning or nonli di lity reduction
and is an instance of unsupervised learning (note that the notion of manifold in this
setting can be considerably more general than a classical smooth manifold; see, e.g..
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Geometric Deep Learning

Relational inductive biases = Graph neural networks

Graph representation learning



“Differential geometry and graph theory [...] are insufficiently
known in the signal processing community. One of our goals is to
provide an accessible overview of these models”

Manifolds Graphs



O0—2—0

= Constant number of neighbors = Different number of neighbors

* Fixed ordering of neighbors * No ordering of neighbors

= Shift invariance = Permutation invariance
Convolution? Pooling?

Efficient computation?



Convolution



Fully connected layer
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Vi = Wj1X1 + 0+ WXy

dense weights: n? parameters



Sparsely connected layer

Vi = Wji1Xj—1 T W Xi+ Wj;1Xi41

position-dependent weights: 3n parameters



Convolutional layer

Vi = W_1Xj—1 T WoX;+ Xi+1

shared weights: 3 parameters
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y C(w)

Convolution = circulant matrix
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C(w)

C(u) C(uw)

circulant matrices commute

C(w)




Shift-equivariance

C(w) st ST
shift operator shift operator

circulant matrices commute
convolution commutes with shift

C(w)




Joint diagonalization

C(w) ST st C(w)
shift operator shift operator

commuting matrices are jointly diagonalizable

convolution is diagonalized by eigenvectors of S



Eigenvectors of ST = Fourier transform
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Shift operator is diagonalized by the
Fourier transform



Convolution in spectral domain
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Convolution in spectral domain
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Eigenvalues of C(w) are the Fourier transform
W= P*Ww



Convolution theorem

X W * X



Convolution theorem
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Convolution theorem
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Circulant matrix
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Key insights

e Convolution in spatial domain: circulant matrix

* Local aggregation on adjacent nodes with shared parameters

e Special structure due to underlying grid

e All circulant matrices diagonalized by DFT (eigenvectors of shift)

* Convolution in frequency domain: apply DFT, apply element-wise
product, apply inverse DFT

* Efficient computation: O(n) with small filter
O(n logn) using FFT



From grids to graphs



Graphs

* Verticesornodes V =1{1,...,n}
* Edges E={(i,j): i,j EV}ES VXV (directed)



Graphs

C}/ \)

* Verticesornodes V =1{1,...,n}
* Edges E={(i,j): i,j EV}ES VXV (directed)
E = {{i,j}: i,j € V} C VXV (undirected)



Graphs

* Neighbourhood N (i)=1{j:(i,j) €&}
* Degree d; = |V ()]



Attributes

* Node features x:V - R? X = (x4, ---;Xn)T

* Edge features e: &> RY



Attributes

* Node features x:V - R4 X = (x4, ---;Xn)T
* Edge features e: £ > RY

particular case a: £ = R, (weighted graph)



Adjacency matrix




Adjacency matrix




Weighted adjacency matrix




Adjacency matrix
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adjacency matrix symmetric for undirected graphs



Graph Laplacian

1
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LiEN (D)

“Local difference operator”




Graph Laplacian

1
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LiEN (D)

(normalized) Laplacian matrix
A=D'D-A)=1I-D1A

d,

Degree matrix D =




Dirichlet energy

1

2
2 aij[x; = x|

LiEN (D)
= trace(XAXT)

measures how smooth the signal

is on the graph




Laplacian on manifolds and meshes

Laplace-Beltrami operator Cotangent Laplacian
1 cota;; + cotf;;
Af = div(Vf) (@) =— Y —— (x; ~ x;)
Lien (D)

Laplace 1787; Beltrami 1902 Duffin 1959; Pinkal, Polthier 1993; Desbrun et al. 1999



Convolution on graphs?

Spatial domain Frequency domain

local aggregation on adjacent _
. Graph Fourier transform
nodes with shared parameters



1D grid = ring graph

adjacency matrix A of ring graph = shift operator S’

Ortega et al. 2017



From Grid to Graph Fourier Transform

* Key idea: use eigenvectors of the adjacency matrix A or graph

Laplacian A as the analogy of Fourier transform

 The two are equivalent on grids (all circulant matrices are jointly
diagonalizable) but different on graphs

* Undirected graphs (with symmetric A and A) have orthogonal

eigenvectors

* Directed graphs (with asymmetric A and A) require more
elaborate analysis using Jordan decomposition/generalized

eigenvectors

Taubin 1995; Karni, Gotsman 2000; Levy 2006; B et al. 2010-2014
Shuman et al. 2013; Sandryhaila, Moura 2013



Graph Fourier Transform
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First eigenvectors of ring graph Laplacian = classical Fourier basis
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First eigenvectors of the Minnesota road network Laplacian



Spectral graph convolution

Wi
X*xwW=o d'x
Wy, |

In order to compute convolution X x w
 Graph FT: R =dlx 0(n?)+0(n3)

Wy
* Apply filter: XoW = g 0(n)

W |

* Inverse graph FT: X*W=®PXowW) 0(n?)



Spectral graph convolution: drawbacks

« Computational complexity at least O(n?)
* Number of parameters O (n)

* No guarantee of spatial localization

* Isotropic filters

* Filters are basis-dependent and do not generalize across graphs



Basis dependence

Original signal x



Basis dependence

Filter outputx xw = &




Basis dependence

Filter outputx *w =¥




Isotropic filters on graphs




Isotropic filters on graphs

Grid Graph

local permutation invariance
(no “directions” on graphs)



Isotropic filters on graphs

1
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Graph

graph Laplacian is permutation-invariant
hence isotropic



Anisotropic filters on meshes




Anisotropic filters on meshes

Graph

rotation permutation



Anisotropic filters on meshes

Anisotropic spectral filters on meshes

Boscaini et B 2016



Spectral graph convolution, take 2

_P (A1)
p(A)x = ® dx

p(4,)

e Matrix function applied to A

* Interpret eigenvalues 44, ..., 1,, as frequencies and p(1) as
spectral transfer function

* Make p(4) parametric with O(1) parameters

* Make p(A) expressible in terms of simple matrix operations, to
avoid explicit computation of &

* Possible to guarantee stability under graph perturbations

* Possible to guarantee localization

Levie et B 2019; Levie, Monti et B 2018



Polynomial filter (ChebNet)

p(A) = wy +wi At + -+ w AP

* Number of learnable parameters O(1)

Defferard et al. 2016



Polynomial filter (ChebNet)

p(A) = wol + w At + --- + w, AP

* Number of

* Efficient computation avoiding graph FT altogether

O(|€|) non-zeros
Defferard et al. 2016



Polynomial filter (ChebNet)

p(A) = wol +w, A + -+ w, AP

* Number of
* Efficient computation avoiding graph FT altogether

* Localization to p-hops since AP is localized to p-hops

Defferard et al. 2016



Polynomial filter (ChebNet)

p(A) = wol + w At + --- + w, AP

* Number of

* Efficient computation avoiding graph FT altogether
* Localization to p-hops since AP is localized to p-hops

* Generalization across graphs (stability under graph perturbation)
 Can be used with other operators, e.g. A

* Can be used with directed graphs

Defferard et al. 2016



Spatial graph convolution



1D grid = ring graph

adjacency matrix = Shift operator



Convolution, revisited

1
4
4+

C(x) woAY Al w,A?
p(A) — W()I + AA1 + W2A2

Sandryhaila, Moura 2013



Graph Convolutional Networks (GCN)

Node-wise
features

Kipf, Welling 2016



Graph Convolutional Networks (GCN)

Graph diffusion Node-wise
features

Y = ReLU(AXW)

Kipf, Welling 2016



Graph Convolutional Networks (GCN)

Graph diffusion Node-wise
features

Y = softmax(AReLU(AXW,)W,)

Kipf, Welling 2016



Graph Attention Networks (GAT)

yi = 2 qijX;

JEN (i)

attention score

o exp(E([xi , Xj ])) df

]:ZkeN(i)eXp(E([Xi » X ]))

Y =AX, W, a)X

Monti et B 2017; Velickovi¢ et al. 2018




Message Passing Neural Network (MPNN)

General aggregation function

yi =g( z h(x; x;, e;;, )>

JEN (i)

&

Y =AXE W)

Gilmer et al. 2017 (MPNN); Wang et B 2018 (EdgeConv)



O0—2—0

Convolution = Message passing

Local operations (window) " Local operations (1-hop)
Constant number of neighbours = Different number of neighbours
Fixed ordering of neighbours = No ordering of neighbours

Shift equivariance = Permutation invariance

O(n) complexity = O(n) complexity



Pooling






Graph coarsening

A2

« Sequence of coarser graphs with adjacency matrices AW, A(?), .



Graph coarsening

A2 AB)

« Sequence of coarser graphs with adjacency matrices AW, A(?), .
* Pooling of features on collapsed vertices X1, X(2)
* Interleave convolutional / pooling layers

* Learnable pooling

Ying et al. 2018 (DiffPool)



“...we might be witnessing a
new field being born.”



ICLR 2020 submissions keyword statistics

deep learning

.. gan

optimization

neural network

generative models

unsupervised learning
reinforcement learnin
convolutional neural networ

recurrent neural network

machine learning
multitask learnin
neural architecture searc

representation learning

adversarial robustness

~ robustness

selfsupervised learning

nlp

transformer

bert

graph neural network
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“We expect the following
vears to bring exciting new
methods and applications”
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Recommender systems and link prediction
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High-energy physics

Jet image: LCH




LHC: stop pair production

Node Message Passing State update Message Message Vote
Embedding Passing & Passing &
State State

update update

BB B-oB

fe s S e l , 1

GNN architecture for event graph classification

Abdughani et al. 2018



LHC: Particle reconstruction

L
Ho H4 H2 Hn

Figure 1: The Graph Neural Network architecture used for tracking.

e P
Ho H4 H2 Hn

Figure 2: The Graph Neural Network architecture used for calorimeter clustering.

Juetal. 2019



lceCube: neutrino detection

lceCube Lab
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lceCube: neutrino detection
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Light deposition for a high-energy ROC curve comparing different methods for
single muon in IceCube detector neutrino detection

Choma et B 2018



LHAASO CR experiment
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Astrophysics: Redshift regression

B=-0.0016; o = 0.0232; MAD=0.0112; 0=0.0046
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Zspec

Predicted galaxy redshift from photometric observations using MoNet-style GNN
vs groundtruth spectroscopic measurement

Beck et al 2019



Neutrino detection

Light deposition for a high-energy
single muon in IceCube detector

Choma et B 2018
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Computational chemistry and drug design
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“Computational funnel”

Duvenaud et al. 2015; Gilmer et al. 2017; Jin et al. 2020 Stokes et al. 2020



Hyperfoods




Hyperfoods

PROTEIN-PROTEIN
INTERACTION NETWORK

Veselkov et B 2019




Hyperfoods
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Combinatorial drug therapy

Zitnik et al 2018

Drug-Drug

Interaction



Protein science and cancer immunotherapy




The Nobel Prize in Physiology or Medicine 2018 was
awarded jointly to James P. Allison and Tasuku
Honjo "for their discovery of cancer therapy by
inhibition of negative immune regulation."




De novo protein design

Protein database

Cancer target

interface score
E B

0.0 0.5 1.0

mInmE

Predicted interface Top match based

on descriptor
similarity

Gainza et B 2020



3D vision and graphics




Shape analysis and synthesis
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Analysis Synthesis

Images: Faceshift



FILTER
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Classical (extrinsic)
convolution

Masci et B 2015

Geometric (intrinsic)
convolution



Deformable shape correspondence

Correspondence between 3D shapes

Masci et B 2015; Monti et B 2017; Litany et B 2017; Verma et al. 2017



3D generative models

3D shape calculus in latent space

Litany et B 2018; Ranjan et al. 2018; Bouritsas et B 2019; Gong et B 2019; Gong, Basri et B 2020



3D hand reconstruction from 2D images

Encoder
CNN
Y
Decoder
esh CNN

m

V.

L

Mixed 2D/3D encoder/decoder model

Kulon et B 2019; Kulon et B 2020



3D hand reconstruction from 2D images

Examples of reconstructed 3D hands in the wild

Kulon et B 2019; Kulon et B 2020
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Conclusions

* Graphs are very general abstractions, useful everywhere

* Deep learning models capable of accounting for graph structures

(“relational inductive bias”)
* Cross-disciplinary research
* Very hot field
* Several success stories

* Some first industrial applications



Open problems

* Theoretical guarantees

* Standardized benchmarks

e Efficient computation and scaling to web-size graphs
* Higher order structures (e.g. motifs)

* Dynamic graphs

 Graph generating models

* Incorporating problem-specific knowledge
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