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Outline
1. Formalism of (e, e′) and (νl, l

−)
• The relativistic Fermi gas
• Super-scaling approach (SuSA)
• 2p-2h Meson exchange currents

2. Status of MEC in SuSA

3. Perspectives: new approach to 2p-2h
• Phase space function
• Relativistic problems at high q
• Angular distribution: new integration

method
• Properties of the 2p-2h phase space
• The frozen approximation
• Application to ν reactions
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1 General formalism
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Kinematics
1

kµ = (ǫ,~k)

k′µ = (ǫ′, ~k′)

P µ = (E,p)

P ′µ = (E ′,p′)

Qµ = (ω, ~q)

Q2 = ω2 − q2 < 0
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(e, e′) formalism
1

dσ

dǫ′dΩ′
= σMott (vLRL + vTRT )

Electron kinematical factors

vL = ρ2, vT =
1

2
ρ+ tan2

θ

2
, ρ ≡ |Q

2|
q2

Response functions:

RL = W 00

RT = W 11 +W 22

Hadronic tensor for (e, e′)

W µν(q, ω) =
∑

fi

δ(Ef − Ei − ω)〈f |Jµ(Q)|i〉∗〈f |Jν(Q)|i〉

Jµ(Q) is the electromagnetic nuclear current
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(νl, l
−) formalism

1

Cross section:
dσ

dΩ′dǫ′
= σ0F2

+

Similar to σMott: σ0 =
G2 cos2 θc

2π2
k′ǫ′ cos2

θ̃

2

Fermi constant: G = 1.166× 10−11 MeV−2

Cabibbo angle: cos θc = 0.975

Generalized scat-
tering angle:

tan2
θ̃

2
=

|Q2|
(ǫ+ ǫ′)2 − q2
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(νl, l
−) formalism (II)

1

Nuclear structure information:

F2
+ = V̂CCRCC + 2V̂CLRCL + V̂LLRLL + V̂TRT + 2V̂T ′RT ′

kinematical factors V̂K from the leptonic tensor

V̂CC = 1− δ2 tan2 θ̃
2

V̂CL =
ω

q
+
δ2

ρ′
tan2

θ̃

2

V̂LL =
ω2

q2
+

(
1 +

2ω

qρ′
+ ρδ2

)
δ2 tan2

θ̃

2

V̂T = tan2
θ̃

2
+
ρ

2
− δ2

ρ′

(
ω

q
+

1

2
ρρ′δ2

)
tan2

θ̃

2

V̂T ′ =
1

ρ′

(
1− ωρ′

q
δ2
)
tan2

θ̃

2

Adimensional variables:

δ =
m′√
|Q2|

ρ =
|Q2|
q2

ρ′ =
q

ǫ+ ǫ′
.
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(νl, l
−) formalism (III)

1

Weak response
functions

RCC = W 00

RCL = −1
2

(
W 03 +W 30

)

RLL = W 33

RT = W 11 +W 22

RT ′ = − i
2

(
W 12 −W 21

)

W µν(q, ω) =
∑

fi

δ(Ef −Ei−ω)〈f |Jµ(Q)|i〉∗〈f |Jν(Q)|i〉 .

Weak CC hadronic tensor:

operator
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Single-nucleon current
1

Electromagnetic current

jµ(p′,p) = u(p′)

[
F1γ

µ + i
F2

2mN
σµνQν

]
u(p)

Weak CC current jµ = jµV − j
µ
A.

jµV (p
′,p) = u(p′)

[
2F V

1 γ
µ + i

F V
2

mN
σµνQν

]
u(p)

jµA(p
′,p) = u(p′)

[
GAγ

µ +GP
Qµ

2mN

]
γ5u(p)

← Vector

← Axial-Vector
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The relativistic Fermi gas (RFG)
Nuclear response functions for (νµ, µ−) reactions

RK = NΛ0UKfRFG(ψ), K = CC,CL,LL, T, T ′,

• N is the neutron number,

• Λ0 =
ξF

mNη3Fκ
, ηF = kF/mN , ξF =

√
1 + η2F − 1.

• Scaling function fRFG(ψ) =
3

4
(1− ψ2)θ(1− ψ2)

• Scaling variable

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)

• single-nucleon responses UK
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Single-nucleon responses,K = CC

5

UCC = UV
CC +

(
UA
CC

)
c.
+
(
UA
CC

)
n.c.

UV
CC =

κ2

τ

[
(2GV

E)
2 +

(2GV
E)

2 + τ(2GV
M)2

1 + τ
∆

]
,

∆ =
τ

κ2
ξF (1− ψ2)

[
κ

√
1 +

1

τ
+
ξF
3
(1− ψ2)

]

The axial-vector response is the sum of
conserved (c.) plus non conserved (n.c.) parts,

(
UA
CC

)
c.
=
κ2

τ
G2

A∆ ,
(
UA
CC

)
n.c.

=
λ2

τ
G′A

2.
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Single-nucleon responses,K = CL,LL

5

UCL = UV
CL +

(
UA
CL

)
c.
+
(
UA
CL

)
n.c.

ULL = UV
LL +

(
UA
LL

)
c.
+
(
UA
LL

)
n.c.

,

The vector and conserved axial-vector parts
are determined by current conservation

UV
CL = −λ

κ
UV
CC

(
UA
CL

)
c.
= −λ

κ

(
UA
CC

)
c.

UV
LL =

λ2

κ2
UV
CC

(
UA
LL

)
c.
=
λ2

κ2
(
UA
CC

)
c.
,

Non-conserved n.c. parts:

(
UA
CL

)
n.c.

= −λκ
τ
G′A

2 ,
(
UA
LL

)
n.c.

=
κ2

τ
G′A

2 .
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Single-nucleon responses,K = T, T ′
5

UT = UV
T + UA

T

UV
T = 2τ(2GV

M)2 +
(2GV

E)
2 + τ(2GV

M)2

1 + τ
∆

UA
T = 2(1 + τ)G2

A +G2
A∆

UT ′ = 2GA(2G
V
M)
√
τ(1 + τ)[1 + ∆̃]

with

∆̃ =

√
τ

1 + τ

ξF (1− ψ2)

2κ
.
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Super-Scaling Analysis (SuSA)
Scaling in the RFG (Relativistic Fermi gas)

RK = GKfRFG(ψ)

Functions GK from the RFG for electrons (K = L, T ) and
neutrinos K = CC,CL,LL, T, T ′.
Scaling function in the RFG

fRFG(ψ) =
3

4
(1− ψ2)θ(1− ψ2)

Scaling variable:

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)
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Experimental scaling function from(e, e′)

f(ψ′) =

(
dσ

dΩ′dǫ′

)

exp

σMott(vLGL + vTGT )

shifted −→ ψ′ =
1√
ξF

λ′ − τ ′√
(1 + λ′)τ ′ + κ

√
τ ′(1 + τ ′)

λ′ = (ω − Es)/2mN , τ ′ = κ2 − λ′2

kF y Es are fitted to the data

fL =
RL

GL
Longitudinal fT =

RT

GT
Transverse
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Superscaling
• Plot the experimental f(ψ′) versus ψ′ for

different kinematics and nuclei
• Fit Es and kF to get scaling (one universal

scaling function)

no q
dependence

1st kind
scaling

Superscaling

no A
dependence

2nd kind
scaling
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Scaling in the QE peak
Scaling of RL [Donnelly & Sick PRC 60 (1999)]
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Fit in the Quasi-elastic peak

Scaling function
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SuSA (Super Scaling Analysis)
• Using the experimental (e, e′) scaling function

to predict neutrino cross sections
• Use the RFG equations to compute the
(νl, l

−) response functions with the
substitution fRFG(ψ) −→ fexp(ψ)
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2p-2h Meson-Exchange Currents

Two-particle two-hole Meson Exchange Currents (MEC)
• Relativistic Fermi Gas two-nucleon emission channel
• Added to the SuSA results
• A. De Pace et al. NPA 726, 303 (2003)
• J.E. Amaro et al. PRC 82, 0444601 (2010)
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Q
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2N emission in Fermi gas

• Initial state |i〉 = |F 〉,
• Sum over final states

∑

f

=
∑

1p−1h
+
∑

2p−2h
+

∑

otherchannels

• 2p-2h channel final states

|f〉 = |2p− 2h〉 = |1′, 2′, 1−1, 2−1〉

|1〉 = |h1s1t1〉 |2〉 = |h2s2t2〉
|1′〉 = |p′1s′1t′1〉 |2′〉 = |p′2s′2t′2〉

• Particles P ′i = (E ′i,p
′
i), Pauli blocking p′i > kF

• Holes Hi = (Ei,hi), with hi < kF .
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2p-2h Hadronic tensor

W µν = W µν
1p1h +W µν

2p2h + · · ·

W µν
2p2h =

V

(2π)9

∫
d3p′1d

3p′2d
3h1d

3h2
m4

N

E1E2E ′1E
′
2

rµν(p′1,p
′
2,h1,h2)

× δ3(p′1 + p′2 − h1 − h2 − q)δ(E ′1 + E ′2 − ω − E1 − E2)

× Θ(p′1, p
′
2, h1, h2)

Θ(p′1, p
′
2, h1, h2) = θ(p′1 − kF )θ(p′2 − kF )θ(kF − h1)θ(kF − h2)

Elementary hadronic tensor for a nucleon pair transition:

rµν(p′1,p
′
2,h1,h2) =

1

4

∑

s1s2s′1s
′

2

∑

t1t2t′1t
′

2

jµ(1′, 2′, 1, 2)∗Aj
ν(1′, 2′, 1, 2)A

V = 3π2N/k3F .
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Meson-Exchange Currents

H1 H2

P ′

1
P ′

2

Q
K2

(a)

H1

P ′

1
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P ′

2

Q
K1

(b)

H1

P ′

1

H2

P ′

2

Q

K1 K2

(c)

H1 H2

P ′

1
P ′

2

Q

K2

(d)

H1

P ′

1

H2

P ′

2

Q

K1

(e)

H1 H2

P ′

1
P ′

2

Q

K2

(f)

H1

P ′

1

H2

P ′

2

Q

K1

(g)

Feynman diagrams:
Seagull (a,b), pionic (c), and ∆ current (d-g)
Pionic four-momenta Kµ

i = P ′i
µ −Hµ

i
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Seagull and pionic
Seagull:

jµs (p
′
1,p

′
2,p1,p2) =

f 2

m2
π

iǫ3abu(p
′
1)τaγ5 6K1u(p1)

× F V
1

K2
1 −m2

π

u(p′2)τbγ5γ
µu(p2) + (1↔ 2) . (1)

Pion in flight:

jµp (p
′
1,p

′
2,p1,p2) =

f 2

m2
π

iǫ3ab
Fπ(K1 −K2)

µ

(K2
1 −m2

π)(K
2
2 −m2

π)

×u(p′1)τaγ5 6K1u(p1)u(p
′
2)τbγ5 6K2u(p2) . (2)

F V
1 and Fπ: the electromagnetic form factors

pion-nucleon coupling constant: f 2/4π = 0.08.
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∆ Current

jµ∆(p
′
1,p

′
2,p1,p2) =

fπN∆f

m2
π

1

K2
2 −m2

π

u(p′1)T
µ
a (1)u(p1)

×u(p′2)τaγ5 6K2u(p2) + (1↔ 2) . (3)

T µ
a (1) is related to the pion electroproduction amplitude

T µ
a (1) = K2,αΘ

αβG∆
βρ(H1 +Q)Sρµ

f (H1)TaT
†
3

+T3T
†
aS

µρ
b (P ′1)G

∆
ρβ(P

′
1 −Q)ΘβαK2,α . (4)
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∆ electromagnetic tensor
Forward

Sρµ
f (H1) = Θρµ

[
g1 6Q− g2H1 ·Q+ g3Q

2
]
γ5

− ΘρνQν [g1γ
µ − g2Hµ

1 + g3Q
µ] γ5 (5)

Backward

Sρµ
b (P ′1) = γ5

[
g1 6Q− g2P ′1 ·Q− g3Q2

]
Θµρ

− γ5 [g1γ
µ − g2P ′1µ − g3Qµ]QνΘ

νρ . (6)

The tensor Θµν

Θµν = gµν −
1

4
γµγν . (7)
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∆ propagator
Rarita-Schwinger tensor

G∆
βρ(P ) = − 6P +m∆

P 2 −m2
∆

×
[
gβρ −

1

3
γβγρ −

2

3

PβPρ

m2
∆

− γβPρ − γρPβ

3m∆

]
. (8)

∆ width: m∆ → m∆ + i
2Γ(P ) in the denominator of the propa-

gator to account for the ∆ decay probability
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Integration of the energy
delta function

9-D integral for the 2p-2h response functions
∫
d3p′1d

3h1d
3h2δ(E1 + E2 + ω − E ′1 − E ′2)f(h1,h2,p

′
1,p

′
2) , (9)

Momentum conservation p′2 = h1 + h2 + q− p′1.
We integrate over the momentum p′1 using the delta function:

• For fixed h1,h2, θ′1, φ
′
1

• Change variables p′1 → E ′ = E ′1 + E ′2.
• compute the Jacobian of the transformation

dp′1 =
dE ′∣∣∣ p

′

1

E′

1
− p′

2·p′

1

E′

2p
′

1

∣∣∣
, (10)
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Momentum of the final nucleon

• Compute p′1 for fixed angles θ′1, φ
′
1, by solving the energy

conservation equation.
• Second degree equation with two solutions

p′1 =
a

b

(
v ± v0

√
1− bm2

N

a2

)
, (11)

where

a =
1

2
p′2 b = E ′2 − p′2 cos2 β′1 (12)

v0 = E ′ v = p′ cos β′1 , (13)

Final total energy: E ′ = E1 + E2 + ω
Final total momentum: p′ = h1 + h2 + q

β′1 = angle between p′1 and p′. Nuint14 – p. 31



Results for 2p-2h responses

• Compute transverse response functions in the 2p-2h
channel.

• Relativistic Fermi gas

• 7D integrals
∫
d3h1d

3h2dθ
′
1

• We choose φ′1 = 0 and multiply by 2π.
• p′1 is fixed from energy conservation
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(e, e′) results with MEC 2p-2h
• Quasielastic +

MEC + Inelastic
cross section

• ǫe = 680 MeV
• θ = 60o

• Data from Saclay
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(e, e′) results with MEC 2p-2h
• Quasielastic +

MEC + Inelastic
cross section

• ǫe = 3595 MeV
• θ = 16o

• Data from SLAC
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(e, e′) results with MEC 2p-2h
• Quasielastic +

MEC + Inelastic
cross section

• ǫe = 4045 MeV
• θ = 60o

• Data JLab
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2 Status of MEC in SuSA for
(νµ, µ

−)

J.E. Amaro, M.B. Barbaro, J.A. Caballero, T.W. Donnelly,
C.F. Williamson, Physics Letters B (2011)
• Double differential neutrino cross sections from 12C
• Integrated over the neutrino flux
• Contribution of vector meson-exchange currents in the

2p-2h sector

The RV V
T response with MEC is computed assuming that the

weak CC MEC contribution is the same as the MEC contribu-
tion to the isovector part of the electromagnetic RT

RV V
T = [RV V

T ]OB [R
em
T ]OB

isovector + [Rem
T ]2p2hMEC

[Rem
T ]OB

isovector
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Neutrino results with MEC 2p-2h
• Calculations from

Amaro, Barbaro,
Caballero,
Donnelly,
Williamson, PLB
696 (2011) 151.

• The MEC increase
the cross section
less than 10%

• Data from A.A.
Aguilar-Arevalo et
al., (MiniBooNE
Collaboration),
PRD 81, 092005
(2010)
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Neutrino results. Angle projection
• Calculations from

Amaro, Barbaro,
Caballero,
Donnelly,
Williamson, PLB
696 (2011) 151.

• The MEC tend to
increase the cross
section about
5-10%

• Data from Aguilar-
Arevalo et. al.
(MiniBooNE Col-
laboration)

data
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Antineutrino results with MEC 2p-2h
• Calculations from

Amaro, Barbaro,
Caballero,
Donnelly, PRL 108
(2012).

• The MEC tend to
increase the cross
section more than
for neutrinos.

• Data from Aguilar-
Arevalo et. al.
(MiniBooNE Col-
laboration) PRD
88 (2013)
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Further modifications of SuSA
• Estimation of the axial 2p-2h MEC:

[RAA
T ]2p2hMEC ≃ [RV V

T ]2p2hMEC

[RV A
T ′ ]2p2hMEC ≃ [RV V

T ]2p2hMEC

• SuSA v2: Two different scaling functions fL and fT (from
the Relativistic Mean Field)

• Extend SuSA for low q and ω with Pauli blocking

fPB[ψ(ω, q)] = f [ψ(ω, q)]− f [ψ(−ω, q)]
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SuSA New results (preliminary)
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SuSA new results for MINERVA
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SuSA estimation of axial MEC
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SuSA estimation of axial MEC
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SuSA estimation of axial MEC
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3 Perspectives:
new approach to 2p-2h

• I. Ruiz Simo, C. Albertus, J.E. Amaro, M.B. Barbaro,
J.A. Caballero, T.W. Donnelly,
Relativistic effects in two-particle emission for electron
and neutrino reactions
arXiv:1405.4280 [nucl-th] (16 May 2014)

See also:
• C. Albertus, et al.,

2p-2h distribution in phase space for neutrino and electron
scattering
Nuint14 Poster P:01

• I. Ruiz Simo, et al.,
Relativistic effects and meson exchange currents in
two-particle emission with neutrinos.
Nuint14 Poster P:15
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New MEC calculation
• Including the axial current
• Codes more efficient and faster
• Relativistic effects
• Angular distribution of final nucleons: singularities for high q
• Analytical integration around the singularities

Study of the 7D integral in 2p-2h hadronic tensor

W µν
2p−2h =

V

(2π)9

∫
d3p′1d

3h1d
3h2

m4
N

E1E2E ′1E
′
2

Θ(p′1, p
′
2, h1, h2)

rµν(p′1,p
′
2,h1,h2)δ(E

′
1 + E ′2 − E1 − E2 − ω)

p′2 = h1 + h2 + q− p′1.
rµν = elementary hadronic tensor for 2p-2h Nuint14 – p. 47



The 2p-2h phase space function
Simplest case: rµν = 1.
2p-2h phase-space function

F (q, ω) ≡
∫
d3p′1d

3h1d
3h2

m4
N

E1E2E ′1E
′
2

δ(E ′1 + E ′2 − E1 − E2 − ω)Θ(p′1, p
′
2, h1, h2) .

with p′2 = h1 + h2 + q− p′1.
All 2p-2h models should agree about F (q, ω)
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Non-relativistic phase space
Semi-analytical

F (q, ω) = (2π)3
k7FmN

qF

∫ xmax

0

dx

x2

∫ qF+x

|qF−x|

dy

y2
A(x, y, ν) ,

xmax = 1 +
√

2(1 + ν), qF =
q

kF
ν =

mNω

k2F

Van Orden-Donnelly function:

A(l1, l2, ν) =
l31l

3
2

(2π)2

∫
d3x1d

3x2δ(ν − l1 · x1 − l2 · x2)

θ

(
1−

∣∣∣∣x1 −
l1

2

∣∣∣∣
)
θ

(
1−

∣∣∣∣x2 −
l2

2

∣∣∣∣
)

θ

(∣∣∣∣x1 +
l1

2

∣∣∣∣− 1

)
θ

(∣∣∣∣x2 +
l2

2

∣∣∣∣− 1

)
.
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Van Orden functionA(x, y, ν)
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• The function
A(x, y, ν) is
analytical
(J.W. Van Orden,
T.W. Donnelly,
Ann. Phys. 131
(1981) 451)

• 3D plot for
q = 500 MeV/c
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Non-relativistic. Numerical
• φ′1 = 0

• Integrate over p′1 for h1, h2 and θ′1 fixed.

• Sum over two solutions p′1
(±) of the energy conservation equation.

• 7D integral

F (q, ω) = 2π

∫
d3h1d

3h2d cos θ
′
1

∑

α=±

p′1
2mN

|p′1 − p′2 · p̂′1|
Θ(p′1, p

′
2, h1, h2)

∣∣∣∣
p′1=p′1

(α)

• Asymptotic expansion (∼ √mNω)

F (q, ω)
ω→∞−→ 4π

(
4

3
πk3F

)2
mN

2

√
mNω .
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Non-relativistic results
Comparison of phase
space F (q, ω) calculations:
• Exact (semi-analytical)
• Numerical 7D

integration with 107

points
• Asymptotic

asymptotical
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Relativistic phase-space
• 7D integral (φ′1 = 0)

F (q, ω) = 2π

∫
d3h1d

3h2dθ
′
1 sin θ

′
1

m4
N

E1E2E ′1E
′
2

×
∑

α=±

p′1
2

∣∣∣ p
′

1

E′

1
− p′

2·p̂′

1

E′

2

∣∣∣
Θ(p′1, p

′
2, h1, h2)

∣∣∣∣∣∣
p′1=p′1

(α)

,

the sum runs over the two solutions p′1
(±) of the

relativistic energy conservation equation
• Asymptotic expansion ∼ mN (constant!)

F (q, ω)
ω→∞−→= 4π

(
4

3
πk3F

)2
m2

N

2
.
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Relativistic results.
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• Straightforward
integration.

• For low q and ω the
relativistic F (q, ω)
converge to the
non relativistic
phase space

• Numerical
problems
for high q
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2p-2h problems at highq

q = 3 GeV/c
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• For high q a
spurius peak
appears at low ω
as a result of
numerical error in
the straightforward
7D integration

• We study the spe-
cific case q = 3
GeV/c.
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Frozen nucleon approximation
• For high q ≫ kF , the hole momenta can be neglected, h1 = h2 = 0

• A 6-D integration can be performed analytically

F (q, ω) =

∫
d3h1d

3h2d
3p′1δ(E

′
1 + E ′2 − ω − 2mN)Θ(p′1, p

′
2, 0, 0)

m2
N

E ′1E
′
2

=

(
4

3
πk3F

)2 ∫
d3p′1δ(E

′
1 + E ′2 − ω − 2mN)Θ(p′1, p

′
2, 0, 0)

m2
N

E ′1E
′
2

.

• The integral over φ′1 gives a factor 2π, with φ′1 = 0

• The integral over p′1 is done analytically
• In the frozen nucleon approximation, the phase-space function is

reduced to a 1D integral over θ′1
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Frozen nucleon problems
asymptotic
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• Numerical error
shown as
discontinuities

• F (q, ω) includes
contributions from
different (h1,h2),
with discontinuities
at different
ω-points

• The statistical
distribution of
millions of discon-
tinuities appears
as a smooth
function F (q, ω)
with a bump in
the region where
there are more
discontinuities
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Angular distribution of ejected
nucleons
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Φ(θ′1) = sin θ′1

∫
p′1

2dp′1δ(E1 + E2 + ω − E ′1 − E ′2)

×Θ(p′1, p
′
2, h1, h2)

m4
N

E1E2E ′1E
′
2

=
∑

α=±

sin θ′1m
4
N

E1E2E ′1E
′
2

p′1
2

∣∣∣ p
′

1

E′

1
− p′

2·p̂′

1

E′

2

∣∣∣
Θ(p′1, p

′
2, h1, h2)

∣∣∣∣∣∣
p′1=p′1

(α)

q = 3 GeV/c
Quasielastic peak at
ω = 2200 MeV
The denominator is
zero for some angles
for each energy
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Kinematical analysis
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Eex = E ′1 + E ′2 − E1 − E2.

In the frozen nucleon limit

Eex =
√
p′1

2 +m2
N +

√
p′1

2 +m2
N + q2 − 2p′1q cos θ

′
1 − 2m2

N ,

At the minimum

dEex

dp′1
= 0.

The Jacobian di-
verges at the mini-
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Analysis of the angular distribu-
tion

z
~q

~p1
′

~s′

~p ′

x

θ′1

α

General form of integral over angles

I =

∫ π

0

dθ′1
f(θ′1)√
g(θ′1)

θ(g(θ′1)) ,

for positive values of the function

g(θ′1) ≡ cos2(θ′1 − α)− w0.

Non-dimensional variable

w0 =
E ′2

s′2

(
1− (E ′2 − p′2)2

4m2
NE

′2

)

The integration region is determined by
g(θ′1) > 0.
Three cases depending on w0:
• w0 > 1. The angular distribuion is zero.
• w0 < 0. All angles allowed
• 0 ≤ w0 ≤ 1. The angular distribution is

different from zero only in one or two
angular intervals.
It is infinite for cos2(θ′1 − α) = w0

⇒ cos(θ′1 − α) = ±
√
w0

Position of the divergence:

θ′1 − α = ϕ1 ± π, ϕ2 ± π .

with

ϕ1 ≡ cos−1
√
w0, ϕ2 ≡ cos−1(−√w0),

0 ≤ ϕ1, ϕ2 < π.
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Allowed angular intervals
0 ≤ w0 ≤ 1

α 0 ≤ α ≤ π/2

w0 > cos2 α

ϕ1 + αϕ2 + α− π

w0

cos2 α

α 0 ≤ α ≤ π/2

w0 < cos2 α

ϕ2 + αϕ1 + α
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• Exact position of the divergence and the
intervals.

• Eight possible cases
• Classified according to the values of α

and w0.
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Integration of divergences

• The divergence is integrable.
• Similar to

∫ ǫ

0

dx√
x
= 2
√
x
∣∣ǫ
0
= 2
√
ǫ

• Example: case (1a). Interval [θ1, θ2]. Two
singularities at the ends of the interval.

I(θ1, θ2) ≡
∫ θ2

θ1

f(θ)dθ√
g(θ)

= I(θ1, θ1 + ǫ) + I(θ1 + ǫ, θ2 − ǫ) + I(θ2 − ǫ, θ2) .
• Semi-analytical integration

I(θ1, θ1 + ǫ) =

∫ θ1+ǫ

θ1

f(θ)dθ√
g(θ)

≃ 2
f(θ1)

g′(θ1)

∫ θ1+ǫ

θ1

d
√
g(θ)

dθ
dθ

= 2
f(θ1)

g′(θ1)

√
g(θ1 + ǫ) ≃ f(θ1)
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2ǫ

[w0(1− w0)]1/4

θ′
1
[deg]

1/
√
g
(θ

′ 1
)

180160140120100806040200

5

4

3

2

1

0

Nuint14 – p. 62



Phase space. New integration
method.

asym
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• Results do not depend on ǫ
• Number of θ′1 points: n = 7

• Number of h1,h2 points: 56

• Total number of 7D points: 56 × 7 ≃ 105
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Frozen nucleon approximation
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• The frozen approxima-
tion is good for moder-
ate to high momentum
transfer except for very
low energy tail

Nuint14 – p. 64



Average momentum approxima-
tion

UU
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• The hole momenta
h1,h2 are set to a
constant inside the
integral

• F (q, ω) is the average
over all the h1,h2

configurations.
• Pairs of configurations

with opposite total
momentum p = h1 + h2

average to the frozen
nucleon approximation.

• Check with paral-
lel, anti-parallel and
perpendicular configu-
rations
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Parallel and anti-parallel
configurations
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Why the forzen approxima-
tion works?
• UU vs. DD average to

the frozen
approximation

• UD and T,−T are pairs
with high relative mo-
mentum, like correlated
nucleons. They con-
tribute the same as
the frozen approxima-
tion ecause the total
momentum is zero.
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Application to 2p-2h MEC in
neutrino reactions
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Weak CC Seagull operator

jµs (p
′
1,p

′
2,h1,h2) = [τ0 ⊗ τ+1 − τ+1 ⊗ τ0]Jµ(p′1,p

′
2,h1,h2) ,

with vector and axial currents

Jµ(p′1,p
′
2,h1,h2) =

f

mπ

1√
2fπ

u(p′1)γ5 6K1u(h1)
u(p′2)

[
gAF

V
1 (Q2)γ5γ

µ + Fρ(K
2
2)γ

µ
]
u(h2)

K2
1 −m2

π

− (1↔ 2)
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CC response functions
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Fully relativistic RL and RT

compared to the OB 1p-1h
RFG
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Relativistic effects
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Relativistic effects are
small in RT because
F V
1 (Q2) is small where

relativistic effects are
large.
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Isospin channels
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• PP emission
dominates over PN

• The difference is due to
the interference
direct-exchange (D-X)

• D-X interference dia-
grams are NOT negligi-
ble
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Frozen nucleon approximation
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• The frozen approxima-
tion is good for the
seagull current and for
the (D-X) interference
diagrams.
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Summary

• Optimization of the 7D integral in 2p-2h response functions
• Phase space function F (q, ω)
• Angular distribution in the frozen approximation has divergencies for

some angles
• Found the allowed angular regions and integrate analitycally around

the divergencies
• CPU time reduced by 100
• Relativistic results converge to the non relativistic ones
• Test for electron and neutrino reactions with the contact operator.
• Frozen approximation (1D) very close to the exact (7D) results.
• We are working in the implementation of a complete set of MEC

operators, including the axial part.
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